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Introduction



Proofs

A (very) old one:
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Proofs

A (very) old one: An easy one:

Plato is a cat.

All cats like fish.

Intuitively:

from a set of hypotheses
apply deduction rules
to obtain a theorem

Therefore, Plato likes fish .
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Programs

laby
Still one

Again, there is a rock. It's inside a
corridor. How do you get through?

e A
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Language: |python

Level: ||1 c.laby

Program:
1 from robot import *;
2

3 forward()
4 forward()
5 take()

6 left()

7 left()

8 drop()

9 right()
10 right()
11 forward()
12 forward()
13 forward()
14 escape()
5|

16

Exécuter
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Programs

laby

This is crazy!

Multiple difficulties for yet another challenge!
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from robot import *;
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Programs

i
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Think of it as a recipe (algorithm) to draw a computation forward.

Intuitively:

from a set of inputs
apply instructions

to obtain the output
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So?

Proof:

from a set of hypotheses
apply deduction rules
to obtain a theorem

Program:

from a set of inputs
apply instructions
to obtain the output

(On well-chosen subsets of mathematics and programs)

That’s the same thing!
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Proofs



Leibniz

A combinatorial view of human ideas,
thinking that they

‘can be resolved into a few as their primitives”
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Leibniz

A combinatorial view of human ideas,
thinking that they

‘can be resolved into a few as their primitives”

A crazy dream:

‘when there are disputes among
persons, we can simply say:

Let us calculate, without further ado,
to see who is right.”
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Geometry

Euclid’s Elements: the first axiomatic presentation of geometry

« a collection of definitions (line, etc.)
o common notions (“things equal to the same thing are also equal to one another”)
« five postulates (“to draw a straight-line from any point to any point”)

If a straight line crossing two straight lines makes the interior angles on the same

side less than two right angles, the two straight lines, if extended indefinitely, meet

on that side on which are the angles less than the two right angles.
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Frege

‘One cannot serve the truth and the untruth. If
Euclidean geometry is true, then non-Euclidean

geometry is false.”
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Frege

Begriffsschrift:
« formal notations
« quantifications V/3

« distinction:
X Vs 'x’

signified signifier

geometry is false.”

‘One cannot serve the truth and the untruth. If

Euclidean geometry is true, then non-Euclidean

Fv—[“ C(a)
(a)
S (D)

T

&(0)

T
A(c,d)
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Proof trees (Gentzen)

Sequent:

Hypothesis Conclusion
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Proof trees (Gentzen)

Sequent:

Hypothesis Conclusion

Deduction rules:

Ael o LA+ B - [rA=B TrA
T'rA Tr-A=B ' T+B F
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Proof trees (Gentzen)

Sequent:

Hypothesis Conclusion

Deduction rules:

AEF(AX) IA+B (=) I'+rA=B I“FA(_>)
TrA T-A=B T+B i
Example:
Plato i t.
ip. | Hlatosa.ca | (A=B)el  AcT
If Plato is cat, Plato likes fish. IFASB (Ax) I+ A (AX)
Therefore, Plato likes fish . T'LB (=E)
—_———

Conclusion
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Theory

A theory is the given of:

« alanguage

+ a deduction system

. aset of axioms
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Theory

A theory is the given of:

« alanguage:

x|0]s(e)|e +ey|e Xe
ep=e | T|L|VxA|3x.A|A=B|AAB|AVB

Terms e, ey

Formulas AB

+ a deduction system:

AeT I'r.L I A+B IT't+A=B T+rA
TrAY 7" Tea® Trass™ T 1eB o O®
I'rA T+B T'rAAB, TrAAB, , T'rA q I'rB 8
TranB 7 Tra O r+8 "® Trave"” Trave?

I'+AVB T,ArC TI,B+C 'rA x¢FV() I'FVx.A
vp) ey Ty

T+C I'kVx.A T+ A[t/x]

- aset of axioms:
(PAT) Vx.(0+x=x) (PA4) VxVy.(s(x) Xy = (xXy)+y)
(PA2) VxVy.(s(x)+y=s(x+y)) | (PA5) VxVy.(s(x) =s(y) = x=1y)
(PA3) Vx.(0xx=0) (PA6)  Vx.(s(x) #0)
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Programs



Hilbert’s problems

Radio cast (1930):

For us mathematicians, there is no ‘ignorabimus’
[...] We must know — we shall Know!
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Identified important mathematical problems to solve:

« 2" Hilbert’s problem:
Prove the compatibility of the arithmetical axioms.

3>Well, you all heard of Godel, right?
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Hilbert’s problems

Radio cast (1930):

For us mathematicians, there is no ‘ignorabimus’
[...] We must know — we shall Know!

Identified important mathematical problems to solve:

« 2" Hilbert’s problem:
Prove the compatibility of the arithmetical axioms.

3>Well, you all heard of Godel, right?

o Entscheidungsproblem (with Ackermann):
To decide if a formula of first-order logic is a tautology.

% “to decide” is meant via an algorithm, by means of a procedure

10/ 41



Turing machines
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Turing machines

Halting problem: negative answer to the Entscheidungsproblem!
248 A. M. Turivg [Nov. 12,

We can show further that there can be no machine & which, when
supplied with the 8.D of an arbitrary machine A\, will determine whether .\\
ever prints a given symbol (0 say).

We will nirat. show that if there ic a. machine £ then there ic a. oeneral
11741



The A-calculus (1/2)

T\ |
\

A model of computation (a.k.a. a toy language)
due to Alonzo Church (1932)
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The A-calculus (1/2)

A model of computation (a.k.a. a toy language)
due to Alonzo Church (1932)

1936: first (negative) answer to the Entscheidungsproblem !

LULIULY Wy SUCLL LUAL A CULLY 1 1L aUU OULY 1l U Uas & UULllddl LULll. 0 LOULL LiuS

the lemma follow~

TraEOREM XVIIL. There is no recursive function of a formula C, whose
value is 2 or 1 according as C has a normal form or not.

Mhat in dha wmanander Al a wrall Lasmcnnd Lavmnssla dhad 3+ han a navmaal LA
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The A-calculus (1/2)

T

A model of computation (a.k.a. a toy language)
due to Alonzo Church (1932)

1936: first (negative) answer to the Entscheidungsproblem !

Lulinula Wy, SUlLl Liab /4 CUlY 1 1L auu uj.uy 1L W uas a uuliial 1ULliil. L LU vl

the lemma follow~

TuEoREM XVIII. There is no recursive function of a formula C, whose
value is 2 or 1 according as € has a normal form or not.

Mhat in dha wmanander Al a wrall Lasmcnnd Lavmnssla dhad 3+ han a navmaal LA

The A-calculus and Turing machines are equivalent, i.e. they can

compute the same partial functions from IN to IN.
12/ 41



The A-calculus (2/2)
Syntax:

Lu = x |  Axt | tu
(variables) x = f(x) f2
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The A-calculus (2/2)

Syntax:

x |  Axt | tu
(variables) x = f(x) f2

t,u

Reduction

(Ax.t)u —p t[u/x]

+ contextual closure: Clt] —p C[t'] (ift —pt’)
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The A-calculus (2/2)

Syntax:
Lu = x |  Axt | tu
(variables) x = f(x) f2
Reduction
(Ax.t)u —p t[u/x]
+ contextual closure: Clt] —p Clt'] (ift —p t)
Examples:

(Ax.x)t —pt
(AxAy.yx)2t —p (Ay.y2)t —pt2
o= (Ax.xx) (Ax.xx) —p (Ax.xx) (Ax.xx) —0¥5 ...
(AxAyy) w2 —p ?
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Theoretical questions

Determinism:
t
u u’
Confluence:
t
u u’
Yy
r
Normalization:

,
t——t —— " -V
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Types

Goal:
eliminate unwanted behaviour
Simple types: AB == X | A—B
N R— N
Sequent:

Hypothesis Conclusion

Typing rules:

(x:A)GF(AX) Lx:Avrt:B  Trt:A—B Tru:A
F'tx:A I'tAx.t:A—> B I'+tu:B

(—E)
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Types
Simple types: AB == X | A—B
N

Sequent:
Hypothesis Conclusion

Typing rules:

(x:A) el [Lx:Art:B Frt:A—>B Tru:A

(Ax) (=1 (—E)
F'rx:A 'rAxt:A—B Il'rtu:B
Example:

+t?:(A—>B)—> (B—>C)—> (A—0)
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Types
Slmple types: A,B = X | A—B
N

Sequent:

Hypothesis Conclusion

Typing rules:

(x:A) el [Lx:Ari1:B Frit:A>B Tru:A
AX) (=n (—=r)
F'rx:A 'rAxt:A—B Il'rtu:B
Example:
A fiA—>B,~-~D—f:A—>B(AX) ~-~,x:A»—x:A(AX)
---,g:(B—)C),---l—g:B—>C(X) f:A—>B,-- ,x:Ar fx:B )

(—E)

f:A—>Bg:(B—>C),x:Arg(fx):C

f:A>Bg:(B>C)rAxg(fx):(A—>C)
f+tA—>Brlglxg(fx):(B—C)— (A—>0OC)
Ffigixg([x) AoB) = Bo0C) o A=0) 7

(=1

(=)
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Types
Simple types: AB == X | A—>B
N

Sequent:

Hypothesis Conclusion

Typing rules:

(x:A) el I,x:Art:B FT+rt:A—>B Tru:A
(Ax) (=) (—E)
Trx:A I'+tAxt:A— B F'+tu:B
Properties:

fTrt:Aandt —pt',thenT ' : A

IfT +t: A, then t normalizes.
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Curry-Howard




A somewhat obvious observation
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A somewhat obvious observation

Deduction rules

AeTl
THA

I A+ B
IT'tA= B

I''t A=>B T+A
T'+B

(AX)

(=1

(—E)

Typing rules

(x:A)erl
F'rx:A

ILx:Avrt:B
'Axt:A—B

I'tt:A—>B Tru:A

(AX)

(=)

T'rtu:B

(—E)



Proofs-as-programs

Types

Formulas

A-terms

Proofs
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Proofs-as-programs

Mathematics Computer Science
Proofs Programs
Propositions Types
Deduction rules Typing rules
I'tA=B T+A F'rt:A—>B Tru:A
(=r) (—=£)
I'rB IF'rtu:B
A implies B function A — B
Aand B pair of A and B
Vx € A.B(x) dependent product Ilx : A.B

Benefits:

Program your proofs!

Prove your programs!



Cut-elimination (Gentzen’s Hauptsatz)

How to compare these two proofs?

[A] [B] [A] [B]
AVB C=D C=D C C=D C C=D
C C=D AV B D D

D D
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Cut-elimination (Gentzen’s Hauptsatz)

How to compare these two proofs?

[A] [B] [A] [B]
AVB C=D C=D C C=D C C=D
C C=D AV B D D
D D

How to prove that a proof system is consistent?
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Cut-elimination (Gentzen’s Hauptsatz)

Every theorem has a cut-free proof.
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Cut-elimination (Gentzen’s Hauptsatz)

Every theorem has a cut-free proof.

or
Every proof can be locally transformed into one of the same
theorem without cuts.

[A] [B] [A] [B]
AVB C=D C=D C C=D C C=D
C C=D AV B D D

D — D
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Cut-elimination (Gentzen’s Hauptsatz)

Every theorem has a cut-free proof.

or
Every proof can be locally transformed into one of the same
theorem without cuts.

[A] (B] [A] [B]
AVB C=D C=D C C=D C C=D
C C=D AV B D D
D — D

Y lots of technicalities, motivation for Gentzen’s sequent calculus.
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Cut-elimination, computationally

Every proof can be locally transformed into one of the same

theorem without cuts.

TLAT'FA T,AT"+A

'w
THA T'rA
ILT'FA ILT”FA
F,A'_B
r'rA T''rA=B8B

I'+B I'+B
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Cut-elimination, computationally

Every proof can be locally transformed into one of the same
theorem without cuts.

T,x:AT"+rx:A T,x:AT"+Fx:A

I, I,
Trtu:A Tru:A
I LT ru:A D7 ru:A

II

FxAre D .

F'ru:A 'rlxt:A=B
't (Ax.t)u:B I'rtlu/x]:B
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Cut-elimination, computationally

Every proof can be locally transformed into one of the same
theorem without cuts.

T,x:AT"+rx:A T,x:AT"+Fx:A

I, I,
I1g LT ru:A T ru:A
ILx:Art:B Ip
F'ru:A 'rAxt:A=B N
't (Ax.t)u:B I+ tlu/x]:B

Every typed term normalizes.
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Commercial break

File Edit Options Buffers Tools Coq Proof-General Holes Help
Require Import
Set

Hypothesis Animals Type
Hypoth plato
Hypothesis IsCat
Hypothesis LikesFish

[Theorem PlatoLikesFish

Definition myproof
A HCat V¥V x
A Hplato

Check
U:%%- *goals*

Definition myproof2 B1H . CPropy N (B2H.CRTrop!
A ¥x

A

(Cog Goals +3 Abbrev)




Commercial break ‘t)

a

For programmers:

Say “good bye” to verification, and “hello” to

intrinsically correct programs! >
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Commercial break ‘t)

a

For programmers:

Say “good bye” to verification, and “hello” to

intrinsically correct programs!

For mathematicians:

Write true proofs of real maths!
(e.g. Feit-Thompson theorem)

AN

v
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. b
Commercial break )

a

For programmers:

Say “good bye” to verification, and “hello” to

intrinsically correct programs!

For mathematicians:

Write true proofs of real maths!
(e.g. Feit-Thompson theorem)

For everybody:

Discover new ways of thinking of proofs!
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Bad news

Yet a lot of things are missing

Mathematics

Computer Science

AV -A
—A= A

All sets can
be well-ordered

Sets that have the
same elements are equal

% We want more !

Non-constructive principles

try. . . catch . ..
X := 42
random()
stop

goto

Side-effects
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Extending Curry-Howard

- - - } .A o - = ~
A AN
7/ AY
/ \
/ \
I 1
\ !
\ /
\ 7/
N ,
New axiom
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Extending Curry-Howard

New axiom

)

Logical translation
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Extending Curry-Howard

New axiom ~  Programing primitive

g g

Logical translation ~  Program translation
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Classical logic

Classical logic = Intuitionistic logic + AV -A
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Classical logic

Classical logic = Intuitionistic logic + AV -A

New axiom

AV -A
Who doesn’t use it?

0

Logical translation

Ar— ——A

Gaodel’s negative translation
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Classical logic

Classical logic =

Intuitionistic logic + AV oA

New axiom

AV -A
Who doesn’t use it?

0

Logical translation

AI—)—|—|A

Gaodel’s negative translation

Programing primitive

call/cc

Backtracking operator

0

Program translation

21— Ak.k2

Continuation-passing style translation

23/ 41



Computational content of classical logic
What is a program for AV(A — 1)?
In the pure A-calculus:

« AV B ~» choose one side and give a proof

+ A — B~ given a proof of A, computes a proof of B

Which side to choose?

_.I'?;_‘.__

[]
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Computational content of classical logic
What is a program for AV(A — L1)?
In the pure A-calculus:

o AV B ~» choose one side and give a proof

« A — B~ given a proof of A, computes a proof of B

Extension: call/cc allows us to backtrack!

_.I'?;_‘.__

[]
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Computational content of classical logic
What is a program for AV(A — L1)?

In the pure A-calculus:

o AV B ~» choose one side and give a proof

« A — B~ given a proof of A, computes a proof of B

Extension: call/cc allows us to backtrack! - v\\

Iy )
© Create a backtrack point \A \'.
@ Playright: A — L ,_:_/I’
@ Given a proof t of A, go back to 1 :_A_:
Q Play left: A I

© Give t
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Computational content of classical logic
What is a program for AV(A — L1)?

In the pure A-calculus:

o AV B ~» choose one side and give a proof

« A — B~ given a proof of A, computes a proof of B

Extension: call/cc allows us to backtrack!

© Create a backtrack point \A \'.
@ Playright: A — L [
@ Given a proof t of A, go back to 1 A
Q Play left: A I

© Give t

em = call/cc (Ak.inr(At.k inl(t)))

24/ 41



Logical content of a memory cell

What does a memory cell bring to the logic?

Any idea?
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Logical content of a memory cell

What does a memory cell bring to the logic?

Examine the compilation process !

¢

New axiom ?

Programing primitive

g g

¢

Logical translation ? Program translation ?

25/ 41



Logical content of a memory cell

What does a memory cell bring to the logic?

Examine the compilation process !

First approximation, state monad:

[A— B] & Sx[A] — Sx[B]
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Logical content of a memory cell

What does a memory cell bring to the logic?

Examine the compilation process !

First approximation, state monad:
[A— B] & Sx[A] — Sx[B]

If besides the reference evolves monotonically:

£ VS =S. [Als > [B]s

[[A—)B]]s
w.owlFA = o'IFB

= -
wlFA=B £ Vo =

% forcing translation!

25/ 41



A new way of life

With side-effects come new reasoning principles.

In my thesis, | used several computational features:

« dependent types « lazy evaluation

- streams « shared memory

to get a proof for the axioms of dependent and countable choice
that is compatible with classical logic.

Memoization of choice functions through the stream of their
values.

26/ 41



Realizability




Theory vs Model
What is the status of axioms (e.g. AV —A)?

S neither true nor false in the ambient theory

(here, true means provable)
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There is another point of view:

+ Theory: provability in an axiomatic representation (syntax)

« Model: validity in a particular structure (semantic)

27/ 41



Theory vs Model
What is the status of axioms (e.g. AV —A)?

S neither true nor false in the ambient theory

(here, true means provable)

There is another point of view:
(syntax)

+ Theory: provability in an axiomatic representation
(semantic)

« Model: validity in a particular structure

Example:
ANB AVB
B B A|-A|AV-A
X X
A A X v
VX A X| v v
X | XX X |V | X
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Theory vs Model
What is the status of axioms (e.g. AV —A)?

S neither true nor false in the ambient theory

(here, true means provable)

There is another point of view:

« Theory: provability in an axiomatic representation (syntax)
« Model: validity in a particular structure (semantic)
Example:
ANB AV B
B B Al-AlAv-A
X X
A A X v
VX A X| v 4
X | XX X [V X Valid formula
27/ 41




Realizability
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Realizability

provides models

for theories

a tool to analyse
programs behavior

28/ 41



Realizability

tF A
00T N

program “realises” formula

tlFA = “t computes (soundly) w.rt. A”

28/ 41



The type soundness that we really want

Typing

I''x:Avrt:B
I'tAx.t:A—> B

(syntax, nothing but the syntax)

Realizability

tIFA— B2
Yu,(ul- A= tut+ B)

(computations, nothing but computations)
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The type soundness that we really want

Typing Realizability

I''x:Avrt:B
I'-Axt:A— B

tIFA— B2
Yu,(ul- A= tut B)

(syntax, nothing but the syntax) (computations, nothing but computations)

Ft:A = tIFA

29/ 41



The type soundness that we really want

Typing Realizability

Fi:A = tIFA

29/ 41



A bouquet garni of recipes

Programs

Theory

PCA
fonctions calculables
Systeme F
CClg (non-typé)

Cooking books

Anne S. Troelstra (Ed.)

Metamathematical
Investigation of Intuitionistic
Arithmetic and Analysis

4 Springer

logique propositionelle

HA
HA2
CCl

STUDIES IN LOGIC

MATHEMATICS

Realizability:
An Introduction to
its Categorical Side

JAAPVAN 0OSTEN
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A 3-steps recipe

@ formulas (aka types)

& simple types, 2" — order logic , ZF, ...

@ a computational system (aka. your favorite calculus)

G some A — calculus , a combinators algebra, PCF, etc.

@ formulas interpretation
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A 3-steps recipe

@ formulas (a.k.a. types)
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A simple realizability interpretation

Types & terms: (excerpt)
1*'-order exp. e x=x|0]|S(e)| fer...,en)
Formulas A,B := Nat(e) | X(ey,...,ey) | A—> B ...
|Vx.A|3x.A|VX.A|3X.A
Terms t,bu == x|0|succ|rec|Ax.t|tul...

where f : N — N is any arithmetical function.

Typing rules:

TrO0:Nat(0) Trrec:VZ.Z(0) — (YNy.(Z(y) — Z(5(y)))) — YNx.Z(x)

Ix:Art:B F'rt:A— B l"l—u:A(_))
TrAx.t:A— B Trtu:B .
I'ri:Alx :=n] Trt:A[X(xy,...,x,) = B]

Trt:3x.A Trt:3X.A
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Types & terms: (excerpt)
1*'-order exp. e x=x|0]|S(e)| fer...,en)
Formulas A,B := Nat(e) | X(ey,...,ey) | A—> B ...
|Vx.A|3x.A|VX.A|3X.A
Terms t,bu == x|0|succ|rec|Ax.t|tul...

where f : N — N is any arithmetical function.

Typing rules:

Reductions:

(Ax.t)uvg t{u/x] recug u; (succt)>pu; t (recugu; t)
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A simple realizability interpretation

Realizability interpretation:

INat(e)|, = {t€A:t»"succ"0, wheren = [e],}
|X(e1, ..., en)lp = p(X)([[el]]p’“wIIen]]p)
|A > B|, & {teA:YuelA|l,.(tuelB|,)}
|Vx Ay £ Npen MAlpxen
|3x A, £ Unen lAlpxen
VXAl 2 O sar Alpxer
13X.Al, £ Upne, sar [Alpxer

If TrHt:A and olFT then o(t) €Al
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A simple realizability interpretation

Realizability interpretation:

[Nat(e)|,
IX(e1,....en)lp
fA — B |p

| Vx A,
| 3x .Al,
[VX.Al,
|3X.Al,

Key ideas:

- realizers compute

> > >

> 1> 1>

(>

{t € A:t»" succ”0, where n = [e] ,}

p(X)([[el]]p’ s [enﬂp)
{teA:Vu€elAl, .(tuelB|,)}

mne]N |A|p,xen
Une]N |A|p,x<—n
Nees sar [Alpxer

Urne sar Alpxer
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A simple realizability interpretation

Realizability interpretation:

INat(e)|, = {t€A:t»"succ"0, wheren = [e],}
Xerooenly 2 p)([erln- . [el,)
|A > B|, & {teA:YuelA|l,.(tuelB|,)}
|Vx Ay £ Npen MAlpxen
| 3x Alp £ Unen lAlpxen
VXA, £ Nppes, sar [Aloxer
3X.Al, £ Upnes, sar Mloxer

Key ideas:
« realizers compute

- realizers defend the validity of their formula

o truth values are saturated: to*t' At/ €|Al = t€|A|
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Evidenced Frame: the common denominator

(®, E, 1> ¢ )

TN

propositions evidences e realizes ¢; — ¢,
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Evidenced Frame: the common denominator

(®, E, 1> ¢ )

TN

propositions evidences e realizes ¢; — ¢,

Intuitively: a “specification” of the minimal structure
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Evidenced Frame (O, E, - — )

Reflexivity. ¢4 € E s.t.:
S99

Transitivity. ;€ EXE — Es.t:

. ¢1i>¢2/\¢2i>¢3 = ¢712>¢3
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Evidenced Frame (O, E, - — )

Reflexivity. ¢4 € E s.t.:
S99

Transitivity. ;€ EXE — Es.t:

. ¢1i>¢2/\¢2i>¢3 = ¢712>¢3

Top. Tedander € Est:
. ¢e—T)T

Conjunction ANEDPXDP -, -,-)) €E><E—>E and efst, €snd € E s.t.:

€fst | erez])

« Pinds — C DD PAPD = — A
o P1APy = o)
Universal implication. > € X P(®) - &, 1 € E — E, and e, € E:
- (V¢ €¢ o} /\¢z—> $) = ¢ 5 $of
- V€ B.L($108) A d1 = §]
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Models

Realizability model

MEA o 3FttlFA
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Realizability model Categorically speaking

MEA o 3FttlFA
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Models

Realizability model Categorically speaking

MEA o 3FttlFA

Construction

PCA/

Evidenced frame Topos
A-calculus /| ———> _—

realizability model
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Why do we care?

One key lemma:

Ift:Athent € |A|

Plenty of consequences:

Typed terms normalize.

There is no proof p such that Fp: L.

If +t:3xN.f(x) = 0then we can compute n out of ¢ s.t. f(n) = 0.

t realizes VX.X — X iff C[tu] —>; Clu]

36/ 41



Modularity put in practice: Rust

Milner Award Lecture The Type Soundness Theorem That You
Really Want to Prove (and Now You Can)

Derek Dreyer

Encapsulating Unsafe Code

@\...libs using unsafe code...
|

Code written in the
safe fragment of
the language

Association for
Computing Machinery
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Modularity put in practice: Rust

Milner Award Lecture The Type Soundness Theorem That You
Really Want to Prove (and Now You Can)

Derek Dreyer

Encapsulating Unsafe Code

LN ibs using unsafe cod se/;,
. /773/,
Ya

Semantically
well-typed by
construction!

Association for
Computing Machinery
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Models

Tarski
A |AleB
B()n']ean
algebra

(intuition: level of truthness)

Realizability
A {t:tIFA}

(intuition: programs whose computa-

tional behavior is guided by A)
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Krivine realizability: crazy new models

My EA o di,t € |A|

A puzzling fact:

Vx.Nat(x) is not realized in general

There exists a model where V,, £ {x : x < n} verifies:

@ V; is not well-ordered @ there is no surjection from
@ there is an injection from Vi to Vi
Vinto Vi QO Vi XVy =V,

In particular: M F =AC| and |M E -CH
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Algebraic structure of realizability models

There is always a lattice somewhere.
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Algebraic structure of realizability models

Subtyping:
FI-pZT T<:U U<Ti T,<:U,
Trp:o % L oL<U o0
Semantically:

A<:B = |A|C|B|
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Subtyping:
F'ep:T T<:U U<Ti T,<:U,
Trp.u % T o Th<U =0 0
Semantically:

A<, B £ |A| C|B|
9= this induces a structure of complete lattice with \ =

IvxAl 2 [ I1A{x = nhll = \{IlA{x = n}]l s n € N}

nelN
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Algebraic structure of realizability models

Subtyping:
FI-pZT T<:U U<Ti T,<:U,
Trp:o % L oL<U o0
Semantically:

A<, B £ |A| C|B|
9= this induces a structure of complete lattice with \ =

IvxAl 2 [ I1A{x = nhll = \{IlA{x = n}]l s n € N}

nelN

Réalisabilité : V= A A =X =Y V =+

Forcing : V=A= A sSl=Y =
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Implicative algebra

complete lattice (A, <, )+ - — - € AN “implication”
+ ScHA separator
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Implicative algebra

complete lattice (A, <, ) + - — - € AN “implication”
+ ScHA separator

Application a@b =& M{ceA:axb-c}

>

Abstraction Af = Ageala— f(a)
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Implicative algebra

complete lattice (A, <, ) + - — - € AN “implication”

+ ScA separator
Types Formulas Order relation - < -
« AXB A subtype of B
et A t realizes A
Programs Proofs el =xku t is more defined than u
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Implicative algebra

complete lattice (A, <, ) + - — - € AN “implication”

+ ScHA separator
Types Formulas Order relation - < -
« AXB A subtype of B
et A t realizes A
Programs Proofs el =xku t is more defined than u
Soundness
Q@ If rt:A then t g AA (w.r.t. typing)

Q If t —pu then t71 < u”. (w.r.t. computation)
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The end

Thank you for your attention!
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