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Reactions

Given a finite set S, a reaction a over S is a triple (12, I, P) of
subsets of S:

@ 7 is the set of reactants,

o [ is the set of inhibitors,

o P is the set of products.
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Reaction Systems

Definition

A reaction system (RS) is a pair A = (S, A) where:

@ S is a finite set of symbols or entities, called the
background set;

@ A is a set of reactions over S.
A state of A is a subset of S.
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Reaction Systems

Definition

A reaction system (RS) is a pair A = (S, A) where:
@ S is a finite set of symbols or entities, called the
background set;

@ A is a set of reactions over S.
A state of A is a subset of S.

W

Any reaction system induces a discrete dynamical system where
the state set is 2°.
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Result function

A reaction a = (7,1, P) is enabled in a state T' C .S when: Dynamies of

RCT and INT=g.
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Result function

A reaction a = (7,1, P) is enabled in a state T' C .S when: Dynamies of

RCT and INT=g.

Reaction

The result function of a on T'C S is: SEEE

P if aisenabled by T

& otherwise.

resq(T) == {



Result function

A reaction a = (R, I, P) is enabled in a state T' C S when: Dynamics of
Rocco
R g T and I ﬁT = J. Ascone
The result function of a on T C S is: fyii:‘ni‘i"
P if ais enabled by T
resq(T) == _ y
& otherwise.

Definition
The result function res 4 of a RS A = (S, A) is defined on any
state 7' C S as:

resa(T) == U resq (7).
acA




Example of RS

Background set: S = {a, b} Dynamics of
Set of reactions: m = ({a}, d, {a,b})

r2 = ({0}, {a}, {0})

Example



Example of RS

Background set: S = {a, b} Dynamics of
Set of reactions: m = ({a}, d, {a,b})

r2 = ({0}, {a}, {b})
State: T = {b}

Example



Example of RS

Background set: S = {a, b} Dynamics of
. bounded RS
Set of reactions: 1 = ({a},d,{a,b}) <

r2 = ({b}, {a}, {b})
State: T'= {b}

{(l} g T = I‘eSrl (T) = Q Example



Example of RS

Background set: S = {a, b} Dynamics of
Set of reactions: 1 = ({a}, @, {a,b})

rg = ({0}, {a}, {b}) <
State: T = {b}

{a} ;(_ T = vres,(T)=9 Sl
{b} CT



Example of RS

Background set: S = {a, b} Dynamics of
Set of reactions: 1 = ({a}, @, {a,b})
r2 = ({0}, {a}; {b}) «
State: T = {b}
{a} €T = res,(T)=0 Example

by CT, {ajnNT=2



Example of RS

Background set: S = {a, b} Dynamics of
Set of reactions: 1 = ({a}, @, {a,b})
r2 = ({0}, {a}; {b}) «
State: T = {b}
{a} €T = res,(T)=0 Example

(b} CT, {ajNT =2 = res,(T)={b}



Example of RS

Background set: S = {CL, b} Dynamics of

Set of reactions: m = ({a}, d, {a,b}) bounded RS
r2 = ({0}, {a}, {0})
State: T' = {b}
{a} €T = res, (T)=0 —

{b}CT, {a}NT =92 = res,(T)={b}
Result function on T;

resA(T') = res,, (T') Ures,, (T)



Example of RS

Background set: S = {a, b} Dynamics of
Set of reactions: r; = ({a}, @, {a,b}) N
ra = ({b}. {a}. {b))
State: T = {b}
{a} g T = resrl (T) =y Example

{b}CT, {a}NT =92 = res,(T)={b}
Result function on T;

resA(T) =res,, (T) Ures,, (T) = @ U{b} = {b}



Example of RS

Background set: S = {CL, b} Dynamics of

Set of reactions: m = ({a}, d, {a,b}) bounded RS
r2 = ({0}, {a}, {0})
State: T' = {b}
{a} €T = res, (T)=0 —

{b}CT, {a}NT =92 = res,(T)={b}
Result function on T;

resa({b}) = {b}



Example of RS

Background set: S = {CL, b} Dynamics of

Set of reactions: r; = ({a}, @, {a,b}) b°“::iR5
T2 = ({b}7 {a}7 {b}> Ascone
State: T' = {b}
{a} g T = Ilesrl (T) =0 Example

{b}CT, {a}NT =92 = res,(T)={b}
Result function on T;

resA({b}) = {b} = {b} is a fixed point



Example of RS

Background set: S = {CL, b} Dynamics of

Set of reactions: r; = ({a}, @, {a,b}) b°“::iR5
T2 = ({b}7 {a}7 {b}> Ascone
State: T' = {b}
{a} g T = Ilesrl (T) =0 Example

{b}CT, {a}NT =92 = res,(T)={b}
Result function on T
resA({b}) = {b} = {b} is a fixed point

Representation of the dynamic:

{0} D



Example of RS

Background set: S = {a, b} Dynamics of
Set of reactions: m = ({a}, d, {a,b})

r2 = ({b}, {a}, {b})
State: T' = {a}

Example



Example of RS

Background set: S = {a, b} Dynamics of
. bounded RS
Set of reactions: 1 = ({a},d,{a,b}) <

r2 = ({b}, {a}, {b})
State: T' = {a}

{(l} g T7 @ ﬂ T - @ = I‘eS,nl (T) = {CL7 b} Example



Example of RS

Background set: S = {a, b} Dynamics of
Set of reactions: 1 = ({a}, @, {a,b})
r2 = ({0}, {a}; {b}) «
State: T = {a}
{a} ST, oNT=92 = res,(T)={a,b} Example

b} €T, {a}NT#2 = res,(T)=02



Example of RS

Background set: S = {a, b} Dynamics of
Set of reactions: r; = ({a}, @, {a,b}) N
r2 = ({0}, {a}, {b}) R
State: T' = {a}
{a} ST, oNT=2 = res,(T)=1{a,b} Example

6}

{b} g T, {a}NT#2 = res,,(T)
Result function on T;

resa(T) = res,, (T) Uresy, (T) = {a,b} U@ = {a, b}



Example of RS

Background set: S = {CL, b} Dynamics of

Set of reactions: 1, = ({a}, 3, {a,b}) bounded RS
ra = ({b},{a}, {b})
State: T' = {a}
{a}CT, oNT=0 = res,(T)={a,b} o

(B ET, {a}NT#2 = 1es,(T)=0

Result function on T;

resa({a}) = {a, b}



Example of RS

Background set: S = {a, b} Dynamics of
Set of reactions: r; = ({a}, @, {a,b}) N
r2 = ({0}, {a}, {b}) R
State: T' = {a}
{a} ST, oNT=2 = res,(T)=1{a,b} Example

6}

{b} g T, {a}NT#2 = res,,(T)
Result function on T;

res a({a}) = {a, b}

Representation of the dynamic:

{a} TN
{a,b}



Example of RS

Background set: S = {a, b} Smete o
Set of reactions: 1 = ({a}, &, {a,b})

ra = ({0}, {a}, {0})

Discrete dynamical system:

{a} —\ Example
{a,b} T {2 2 D



RS vs Synchronous Boolean networks

Background set: S = {a, b}
Set of reactions: r; = ({a}, @, {a,b})

T2 = ({b}7 {a}’ {b})

Discrete dynamical system:

{a} BN

{a,0} 7D D
_)1lifaeT _JlitbeT
T Noifagr T \oifbeT

11 D 01>

00 “D

Dynamics of
bounded RS



RS vs Synchronous Boolean networks

Dynamics of
bounded RS

Background set: S = {a,b,c}

Set of reactions: ({a,c}, {b},{a})
({a, b}, {c}, {b})
({c}, {a}, {0})
({6}, {c}:{c})



RS vs Synchronous Boolean networks
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Background set: S = {a,b,c}

Set of reactions: ({a,c}, {b},{a})
({a, b}, {c}, {b})
({c}, {a}, {0})
({6}, {c}:{c})

f:{0,13% = {0,1}?

f(xaaxbaxc) = (fa(xaaxbyfrc)afb(xaaxbaxc)vfc(xaaxbaxc))



RS vs Synchronous Boolean networks
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Background set: S = {a,b,c}
Set of reactions: ({a,c}, {b},{a})

({a, b}, {c}, {b})
({c}, {a}, {b})
(

{b}:{c}t. {e})

f:{0,1}* = {0,1}*
f(maambal'c) = (fa(l'aal‘byl'c)afb(xaaxba$c)7fc(l'aal'ba$c))



RS vs Synchronous Boolean networks

Dynamics of
bounded RS

Background set: S = {a,b,c}
Set of reactions: ({a,c},{b},{a})
({a,b},{c}, {b})
({c}, {a}, {b})
({o}, {c}, {c})
f:{0,1}* = {0,1}*
f(maa Lp, l‘c) = (fa(l‘aa Lh, xc)v fb(xaa Lp, 1'0)7 fc(l‘a, Lp, 550))
o fulxa,xp,xc) = 10 N Ay,



RS vs Synchronous Boolean networks

Dynamics of

Background set: S = {a,b,c} b
Set of reactions: ({a,c}, {b},{a})
({a, 0}, {c}, {b}) «
({ef, {af, {b}) S
({b}, {c}, {c})

£ 0.1 5 0,17
f(maambal'c) = (fa(l'aal‘byl'c)afb(xaaxba$c)7fc(l'aal'ba$c))
o fu(xa,xp,xc) = Ty AT N Ty

o fy(xg,xp,xc) = (20 Ay Amxe) V(20 A—zy,)



RS vs Synchronous Boolean networks

Dynamics of
bounded RS

Background set: S = {a,b, c}

Set of reactions: ({a,c}, {b},{a})
({a, b}, {c}, {b})
({c}, {a}, {b})
({105, {eh{el) <

f:{0,1}3 = {0,1}3

f(ma,;l'baxc) = (fa(xaaxbaxc)7fb(xaaxbaxc)7fC(xCMmbaxC))
0 fo(Ta,xp,xc) = Tq A Te ATy
o fo(za,p,xc) = (Ta Axp A —2) V (T A g)

° fc(xaa Lh, xc) =op N %



RS vs Synchronous Boolean networks

Background set: S = {a,b,c} bounded RS
Set of reactions: ({a,c}, {b},{a})

({a,b},{c},{b})
({c}, {a}, {0})
(

{0} {c}, {e})

f:{0,1}3 = {0,1}?

f(@a, @y, xc) = (fal@as Ty, 2c), fo(@a, Tb, Te), fo(Ta, Tb, TC))
0 fo(Ta,xp,xc) = Tq A Te ATy
e fb(wa, Lb, wc) = (l‘a A Tp A\ _‘fEc) V (xc A\ —|1‘a)

("] fc(.’l}a, (l;'b,l‘c) = xp N\ X



Example of RS

Dynamics of
bounded RS

Background set: S = {a, b}
Set of reactions: r; = ({a}, @, {a,b})

r2 = ({0}, {a}, {0})

Discrete dynamical system:

{a} BN
{a,0} 7D {0} D 2,

Fixed Points



Example of RS: fixed points

Dynamics of
bounded RS

Background set: S = {a, b}
Set of reactions: r; = ({a}, @, {a,b})

r2 = ({0}, {a}, {0})

Discrete dynamical system:

{a} \
{a,b} D) D)

Fixed points: {a,b},{b}, @

Fixed Points



Example of RS: fixed points

Dynamics of
bounded RS

Background set: S = {a, b}
Set of reactions: r; = ({a}, @, {a,b})

r2 = ({0}, {a}, {0})

Discrete dynamical system:
{a} BN
{a,b} D {5 2

Fixed points: {a,b},{b}, @
Fixed points attractor: {a,b}

Fixed Points



Example of RS: fixed points

Dynamics of
bounded RS

Background set: S = {a, b}
Set of reactions: r; = ({a}, @, {a,b})

r2 = ({0}, {a}, {0})

Discrete dynamical system:

{a} BN
{a,b} D {b} :_) D)

Fixed points: {a,b},{b}, @
Fixed points attractor: {a,b}
Fixed points not attractor: {b},@

Fixed Points



Fixed Points: problems

Dynamics of
bounded RS

Given a reaction system A = (S, A):

. I
@ does A have a fixed point? ceudied

problems

@ does A have a fixed point attractor?
@ does A have a fixed point not attractor?
o

ecc. ..



Fixed Points: problems

Given a reaction system A = (S, A):
@ does A have a fixed point?
@ does A have a fixed point attractor?

@ and many more. ..

IFormenti, Manzoni, and Porreca 2014.

NP-complete!

NP-complete!
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Resource-bounded systems

Dynamics of
bounded RS

Class of RS

RS(00, 00)
Studied
problems

RS(0,00)
RS(00,0)

RS(1,0)



2

Resource-bounded systems: classification

Dynamics of
bounded RS

Class of RS Subclass of 25 — 25

RS (o0, 00)  all
Studied
problems

RS(0,00) antitone
RS(00,0) monotone

RS(1,0) additive

2Manzoni, Pocas, and Porreca 2014.



Resource-bounded systems: classification?

Class of RS Subclass of 25 — 25

RS (o0, 00)  all
RS(0, 00) antitone: T C T’ = res(T) D res(T”)
RS(00,0) monotone

RS(1,0) additive

2Manzoni, Pocas, and Porreca 2014.
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Resource-bounded systems: classification?

Class of RS Subclass of 25 — 25

RS (o0, 00)  all
RS(0, 00) antitone: T C T’ = res(T) D res(T”)
RS(0,0) monotone: T'C T" = res(T) C res(T")

RS(1,0) additive

2Manzoni, Pocas, and Porreca 2014.
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Resource-bounded systems: classification?

Class of RS Subclass of 25 — 25

RS (o0, 00)  all
RS(0, 00) antitone: T C T’ = res(T) D res(T”)
RS(0,0) monotone: T'C T" = res(T) C res(T")

RS(1,0) additive: res(T'UT") = res(T") Ures(T")

2Manzoni, Pocas, and Porreca 2014.
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3 fixed point for RS(0, 0o)

Given A € RS(0,0), it is NP-complete to decide if A has a
fixed point.

Python code: Colab notebook

Dynamics of
bounded RS

3 fixed point


https://colab.research.google.com/drive/1u-cOxTIgqAftz3kNZU0WIakY6eqb0PzS?usp=sharing

3 fixed point for RS(0, 00) is NP-complete

Sketch of the proof

Dynamics of

@ =(x1 Va2 Vas)A (1 VaoyV-z3)in CNF bounded RS

3 fixed point



3 fixed point for RS(0, 00) is NP-complete

Sketch of the proof

Dynamics of

@ =(x1 Va2 Vas)A (1 VaoyV-z3)in CNF bounded RS

We will build a A € RS(0, 00) with a fixed point iff ¢ is
satisfiable.

3 fixed point



3 fixed point for RS(0, 00) is NP-complete

Sketch of the proof

Dynamics of
bounded RS

o= (x1V 22 Vxs)A(x1VayV-xs)in CNF

We will build a A € RS(0, 00) with a fixed point iff ¢ is
satisfiable.
Background set: S = {1, x2, %3, 71, T2, T3, é, M}

3 fixed point



3 fixed point for RS(0, 00) is NP-complete

Sketch of the proof

o= (x1V 22 Vxs)A(x1VayV-xs)in CNF

We will build a A € RS(0, 00) with a fixed point iff ¢ is
satisfiable.

Background set: S = {1, x2, %3, 71, T2, T3, é, M}
Reactions:

(@, {z1, 72,23}, {#})
(@, {z1, 22,73}, {W})
a; =2, {x;},{7T:}) for1<:<3
a; =(2,{z;},{x:}) for1<:<3
(2, {d}, {%, N}
(2, {A}, {&}).

Dynamics of
bounded RS

Rocco
Ascone

3 fixed point

~ N N~~~
NN

S G AW N
— — — — ~— ~—



3 fixed point for RS(0, 00) is NP-complete

Encoding the assignments

o= (x1V -z Va3)A(z1VxeVx3)
Encoding the assignments:

z1 = False
9 = True = {T1, 22,23}
x3 = True

X = {71, z2, x3} satisfies ¢ if and only if both

(67{'%'17?27333}7{‘}) and (gv{xhx?,ffi}v{‘})

are not enabled.

Dynamics of
bounded RS

R

3 fixed point



3 fixed point for RS(0, 00) is NP-complete

A satisfying assignment

Thus, X = {1, 2, 3} satisfies ¢ then X U {&} is a fixed b
point:
/_\
XU{M) > XU{h&) "X XU@R} )
\_/
Enabled reactions: 3 fixed point

(@, {1}, {71})
(9, {72}, {2})
(9, {3}, {x3})
(2, {d}, {d, })
(2, {#}, {®})



3 fixed point for RS(0, 00) is NP-complete

A non-satisfying assignment

X = {71, 22,T3} does not satisfy ¢ then there are no fixed Byaniis o
points: e
X A‘sc;}w
\ /_\
XU{% 8}  XU{4)
\/
X U{%}
Enabled Feactions: 3 fixed point

(2, {21,T2, 23}, {#})
(@, {21}, {71})

(@, {72}, {z2})

(@, {z3},{73})

(2, {&}, {%, })

(2, (W}, {®})



3 fixed point for RS(0, 00) is NP-complete

Spurious cases

Dynamics of
bounded RS

o X = {x1,%1,x2, 23} then neither

(@, {x1}7 {$_1}) or (Qv {1'_1}, {xl})

are enabled, thus x1, 77 ¢ resa(X)
= X cannot be a fixed point.

3 fixed point



3 fixed point for RS(0, 00) is NP-complete

Spurious cases

Dynamics of
bounded RS

Rocco

o X = {x1,%1,x2, 23} then neither [ —

(@, {x1}7 {Tl}) or (Qv {Tl}v {%1})

are enabled, thus x1, 77 ¢ resa(X)
= X cannot be a fixed point.

o X = {x9,x3} then both

(@, {z:}, {71}) and (&, {71}, {21})

are enabled, thus 21,77 € res4(X)
= X cannot be a fixed point.

3 fixed point



3 fixed point for RS (o0, 0)

Dynamics of
bounded RS

3 fixed point



3 fixed point for RS (o0, 0)

Always True!

Recall that given A € RS(00,0) then f = res4 is monotone,
e, Th CTh = f(Tl) - f(TQ)

Theorem (Knaster Tarski)

Given f : 25 — 25 monotone, there exists a fixed point.

Dynamics of
bounded RS

3 fixed point



3 fixed point: summary

Dynamics of
bounded RS

Rocco
Ascone

| RS (00, 0) | RS(0,00) | RS(00,0)

Problem
NP-c[? | p B3]

3 fixed point | NP-cl!] |

1 Formenti, Manzoni, and Porreca 2014
2 Ascone, Bernardini, and Manzoni 2024b

3 Knaster-Tarski Theorem

3 fixed point



Results: studied problems

Inhibitorless and Reactantless RS

Dynamics of

Problem ‘ RS (00, 00) ‘ RS(0, 00) ‘ RS(00,0) bounded RS
A given state is a fixed point attractor ‘ NP-cl!] | NP-c[ | NP-cl ‘ f;’;fi
3 fixed point NP-cl!] NP-c[ p Bl

3 common fixed point NP-cl NP-c NP-c

sharing all fixed points coNP-clll | coNP-c@| coNP-c&

3 fixed point attractor NP-cl!] NP-c?l | Unknown

3 common fixed point attractor NP-cl!] NP-c[ NP-cl

sharing all fixed points attractor 15 -1 15 -l I15-cA 3 fixed point
3 fixed point not attractor EZP-CP] Ezp-clzl Eg-cm

3 common fixed point not attractor »P-cll =Pl =Pl

sharing all fixed points not attractor coNP-c2 | coNP-cl| coNP-c12

resq = resg ‘ coNP-cl p@ P

1 Formenti, Manzoni, and Porreca 2014
2 Ascone, Bernardini, and Manzoni 2024b
3 Knaster-Tarski Theorem



Additive RS: RS(1,0)

Dynamics of
bounded RS

Background set: S = {a,b,c} e
Reactions: (2,9, {a}) ({a},2,{b,c}) ({c},2,{c})
o {b} {ct {b,c}

%

{at  Ha0}  {ca}

l Additive RS
b

a,o,c

Figure: Discrete dynamical system of A, size O(2!°1).



Additive RS

Influence graph

Dynamics of
bounded RS

Background set: S = {a,b, ¢}
Reactions: (2,9,{a}) ({a},2,{b,c}) ({c},o,{c})

Influence graph G4 = (V4, E4):

Ja

Additive RS



Additive RS

Influence graph

Dynamics of
bounded RS

Background set: S = {a,b,c}
Reactions: (@, @,{a}) ({a},@,{b,c}) ({c},2,{c})

Influence graph G4 = (Va, E4):

resa(9) = {a}

da
\ Additive RS

a



Additive RS

Influence graph

Dynamics of
bounded RS

Background set: S = {a,b,c}
Reactions: (@, @,{a}) ({a},@,{b,c}) ({c},2,{c})

Influence graph G4 = (Va, E4):

reSA({a}) = {av b, C}

da
\ O Additive RS



Additive RS

Influence graph

Dynamics of
bounded RS

Background set: S = {a,b,c}
Reactions: (@, @,{a}) ({a},@,{b,c}) ({c},2,{c})

Influence graph G4 = (Va, E4):

resa({b}) = {a}

da
\ O Additive RS

a



Additive RS

Influence graph

Background set: S = {a,b, ¢} e

Reactions: (@,9,{a}) ({a},2,{b,c}) ({c},2,{c})
Influence graph G4 = (Va, E4):
resa({e}) = {a )

Da
\ Additive RS

ZN



Additive RS

Influence graph

Dynamics of

Background set: S = {a,b,c} bounded RS

Reactions: (@,9,{a}) ({a},2,{b,c}) ({c},@,{c})

Influence graph G4 = (V4, E4):

~

N

da

Additive RS



Fixed points through Influence Graph

Dynamics of
bounded RS

Additive RS



Fixed points through Influence Graph

Dynamics of
. b ded RS
Vi, = {} — vertices reachable by b e

\ / Additive RS
d c



Fixed points through Influence Graph

Dynamics of
. b ded RS
Vi, = {¢} — vertices reachable by b e

Cc?/\ b e
O 7NN
QG f h itive RS
N N



Fixed points through Influence Graph

Dynamics of
. b ded RS
Vi, = {c,b} — vertices reachable by b e

o, e

O 7T\

QG f h itive RS
N N



Fixed points through Influence Graph

Dynamics of
. b ded RS
Vi, = {c,b} — vertices reachable by b e

O/\l

a ) e

O 77O

da f h
d c \g/
~_ 7

b € V; if and only if b belongs to a cycle



Fixed points through Influence Graph

Dynamics of
. b ded RS
Vi, = {c,b} — vertices reachable by b e

O/\l

a ) e

O 77O

da f h
d c \g/
~_ 7

b € V; if and only if b belongs to a cycle
= resa({b,c}) = {b,c} i.e. resa(Vp) =V



Fixed point basis

Let A € RS(1,0) and let G4 = (V4, E4) be the influence
graph of A.

For any vertex uw € Vy, ifu € V,, then V,, is a fixed point of A. \

Dynamics of
bounded RS

Additive RS



Fixed point basis

Let A € RS(1,0) and let G4 = (V4, E4) be the influence
graph of A.

For any vertex uw € Vy, ifu € V,, then V,, is a fixed point of A. \

Given res : 25 — 25 additive, V,, V; fixed points, then V, UV,
is a fixed point:

res(Vo U Vp) =res(V,) Ures(Vp) = Vo, U V.

Dynamics of
bounded RS

Rocco
Ascone

Additive RS



Fixed point basis

Dynamics of
bounded RS

Is the converse also true?

Additive RS



Fixed point basis

Is the converse also true? Yesl!

Proposition

Given @ C T C S a fixed point, then

T:UVu

ueCr

Dynamics of
bounded RS

Rocco
Ascone

Additive RS



Fixed point basis

Is the converse also true? Yesl!

Proposition

Given @ C T C S a fixed point, then

T:UVu

ueCr

Given A € RS(1,0), let us define

FA::{VulueVu}

Dynamics of
bounded RS

Rocco
Ascone

Additive RS



Fixed point basis

FA - {Vgca Vaa ‘/[)7 ‘/:3}

Va

V R}
Da @G
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Fixed point basis: application

Given A, B € RS(1,0) with a common background set S, it is
in P to decide whether A and BB share all fixed points.
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Fixed point basis: application

Given A, B € RS(1,0) with a common background set S, it is
in P to decide whether A and BB share all fixed points.

Check F 4 = Fp. ] \
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Fixed point basis: application
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Problem | RS(00,00) | RS(0,00) | RS(00,0) | RS(1,0)
sharing all fixed points ‘ coNP-clll | coNP-c[Q]‘ coNP-c2 H P 1
1 Formenti, Manzoni, and Porreca 2014
Additive RS

2 Ascone, Bernardini, and Manzoni 2024b
4 Ascone, Bernardini, and Manzoni 2024a



All results

Dynamics of

bounded RS
Problem | RS(00,00) | RS(0,00) | RS(00,0) | RS(1,0) oecn
A given state is a fixed point attractor ‘ NP-c1 | NP-c[ | NP-c[2 | pMA Ascone
3 fixed point NP-c[ NP-cl2 p @
3 common fixed point NP-cl NP-cl2 NP-cl p @
sharing all fixed points coNP-cll'|  coNP-cPl| coNP-c? pM
3 fixed point attractor NP-cl] NP-c2 | Unknown p M
3 common fixed point attractor NP-cl NP-c@ NP-cl2 P W
sharing all fixed points attractor 15 -l 15 - 115-c2 p @
3 fixed point not attractor =P »h-c2 =P p @A
3 common fixed point not attractor =h-cA =b-c =Pl p @ _
sharing all fixed points not attractor coNP-c' | coNP-cI| coNP-c p Conclusions
resq = resg ‘ coNP-c ‘ pl | p [

1 Formenti, Manzoni, and Porreca 2014

2 Ascone, Bernardini, and Manzoni 2024b
3 Knaster-Tarski Theorem

4 Ascone, Bernardini, and Manzoni 2024a



Open problems
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e Is 3 fixed point attractor for RS(o0,0) NP-complete?

@ Is Reachability for RS(1,0) NP-complete? (Only
supreachability is known)
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Open problems

e Is 3 fixed point attractor for RS(o0,0) NP-complete?

e |s Reachability for RS(1,0) NP-complete? (Only
supreachability is known)

Problem ‘RS(oo,oo)‘ RS(0, 00) ‘ RS (0,0) ‘RS(I,O)

Reachability® | PSPACE-c | PSPACE-c | PSPACE-c | NP-c?

3Dennunzio et al. 2016.

Dynamics of

bounded RS
R o
Ascone

Conclusions



Future directions
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@ Study similar problems related to cycles and global
attractors (to complete).
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@ Study similar problems related to cycles and global
attractors (to complete).

e Study what happens for RS(2,0),RS(3,0), ...
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Future directions

Dynamics of
bounded RS

@ Study similar problems related to cycles and global
attractors (to complete).
e Study what happens for RS(2,0),RS(3,0),...
@ Use multisets and allow inputs — automaton equivalent to
the Turing machine. R
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