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Hello Everyone!



PhD in Condensed Matter,  
Glasgow, Scotland,  Strathclyde University
Supervisor Luca Tagliacozzo

Package for simulation of 

Fermionic Systems in Julia

F_utilities.pkg

Entanglement in many-body systems:

🏴󠁧󠁢󠁳󠁣󠁴󠁿

Tools that I created:

Ising Chains, Entanglement growth,

Tensor networks, DMRG, Conformal 
field theories

Tools that I learned:



Postdoc in Quantum Information group 
Barcelona, Spain, ICFO
Supervisor Antonio Acín

Many body system certification:
Certification of bound on energies and 
other observables of many body 
systems with SDP and DMRG.


Undecidability theory:
Undecidability of the membership 
problem in resource theories. 
Techniques for proving undecidability. 
Algorithmic information theory.

Information Geometry:
Fisher Information, contractivity of 
channels, non-Markovianity, Reverse 
Csizar theorem, error correction.

Foundation of probability theory:
Bayes Theorem, Maximum entropy 
methods, derivation of probability, De 
Finetti subjectivism.

🇪🇸(?)



Postdoc in Quantum Foundation group 
Waterloo, ON, Canada, Perimeter Institute
Supervisor Robert Spekkens

Symmetries and Local tomography:
Unitary representation of groups,  failure 
of local tomography in classical, quantum 
and post-quantum theories and GPT.

🇨🇦

Logic, lattices, quasi-probability:
Reconstruction of probability and quasi-
probability from logic, Inaccessibility 
Hypothesis, epistemic restrictions. 
Reconstruction of quantum mechanics 
from logic.

Correlations in time and space:
State over times, quantum inference, 
Wigner Friends, time reversal in 
quantum and classical mechanics.

⊥

⊤

a b c d

a ∨ b a ∨ c a ∨ d b ∨ c b ∨ d c ∨ d

a ∨ b ∨ c a ∨ b ∨ d a ∨ c ∨ d b ∨ c ∨ d

↑X ↑Z ↑X ↓Z ↓X ↓Z ↓X ↑Z

↑X ↓X↑Y ↓Y↑Z ↓Z
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State retrieval beyond Bayes' 
retrodiction and reverse 
processes



ρ σΦ

Φ−1?

How to reverse a not reversible channel?
Intuitive analogy Mathematical definition

How to formalise 
the intuitive idea 
of the reverse of a not reversible channel?



We start from some examples
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This is reversible



Let’s make it not reversible
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Well… we never reach that state in the image so 
it does not make sense to go back from there.

First Problem: not surjective Second Problem: not injective

Reversing is not possible because we may forget from where we come from, so we don’t know where to go back.
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Well… we never reach that state in the image so 
it does not make sense to go back from there.

First Problem: not surjective Second Problem: not injective
Reversing a channel is quite an ambiguous task. 



Reversing a channel is quite an ambiguous task. 

?

State space State space
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There are many possible choices for a reverse channel.

How to choose one?
The set of possible reverse 
channels



Reverse channels are used already in many different field! 

• In thermodynamics are a fundamental tool for deriving fluctuation relations at the core of the discussion on the 
arrow of time.

•Reverse channels lies at the core of error correction.

Looking for a canonical reverse channel

D. Petz, Sufficient subalgebras and the relative entropy of states of a von neumann algebra, Comm. Math. Phys. 105, 123 (1986).  
D. Petz, Sufficiency of channels over von Neumann algebras, The Quarterly Journal of Mathematics 39, 97 (1988).  

Petz (recovery) map

The most commonly used reverse channel

The set of possible reverse 
channels.

Petz Map

Does there exist a framework explaining why the Petz map should be THE reverse channel? 



The problem of reversing a channel is the problem of retrodicting a state: inferring the original 
state from the knowledge of the channel, (possibly) some prior information and the evolved state.

Petz (recovery) map and Bayes inspired reverse channelCanonical Statistical inference methods

Looking for a canonical reverse channel

Satosi Watanabe

Buscemi, Francesco and Scarani, Valerio,  Fluctuation Theorems from Bayesian Retrodiction, 10.1103/PhysRevE.103.052111

S. Watanabe, Conditional probabilities in physics, Progr. Theor. Phys. Suppl. E65, 135 (1965).
 S. Watanabe, Symmetry of physical laws. part iii. prediction and retrodiction, Rev. Mod. Phys. 27, 179 (1955).

C. C. Aw, F. Buscemi, and V. Scarani, Fluctuation theorems with retrodiction rather than reverse processes, AVS Quantum Science 3, 045601 (2021), https://doi.org/10.1116/5.0060893.

D. Petz, Sufficient subalgebras and the relative entropy of states of a von neumann algebra, Comm. Math. Phys. 105, 123 (1986).  
D. Petz, Sufficiency of channels over von Neumann algebras, The Quarterly Journal of Mathematics 39, 97 (1988).  
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⇡0
New Guess:

Being at time  you want to retrodict the state present at time  knowing that at time  your 
state is .

t1 t0 < t1 t1
σ



The set of possible inference 
methods.

Bayesian 
inference

Ambiguity again: why Bayesian inference?

•Duality with maximum likelihood.

•Derivation from maximum entropy principles.

•Derivation from minimization of geometric distances 
(e.g. Kullback-Leibler).

•Derivation from principles of information goemetry 
(Amari)

•Derivation from geometric principles (Csizar).

•Consideration on properties of the convergence of 
subjective probability updates (e.g. Jeffrey, 
Bernando,…).

•…

Does there exist a framework explaining why Bayesian inference should be THE inference method? 



It would be nice to tame the 
ambiguity. 

To characterise the set of all the 
reasonable retrodiction channels.



Why Bayesian inference? 

Is it possible to characterise all the reasonable 
retrodiction channels? 

What makes Bayes so fundamental? 

Is it possible to find a better retrodiction channel?



Stochastic maps



<latexit sha1_base64="bTrZTAQJOquIrfqP5UvODlkhloc="></latexit>

� =

0

BBB@

�1,1 �1,2 · · · �1,n

�2,1 �2,2 · · · �2,n
...

...
. . .

...
�n,1 �n,2 · · · �n,n

1

CCCA

<latexit sha1_base64="Ncv09uY2RIBAowB1/lQlJeI+iY4=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgQkoivkCEohuXFewDmhgm00k7ZDIJMxOhhHyBG3/FjQtF3Lp25984bbPQ1gMDZ865l3vv8RNGpbKsb6O0sLi0vFJeraytb2xumds7bRmnApMWjlksuj6ShFFOWooqRrqJICjyGen44fXY7zwQIWnM79QoIW6EBpwGFCOlJc+sOUEsEGMwhM4FdGQaeRm9tPP7jOdOMqT6dxjmnlm16tYEcJ7YBamCAk3P/HL6MU4jwhVmSMqebSXKzZBQFDOSV5xUkgThEA1IT1OOIiLdbHJODmta6UO9l35cwYn6uyNDkZSjyNeVEVJDOeuNxf+8XqqCczejPEkV4Xg6KEgZVDEcZwP7VBCs2EgThAXVu0I8RAJhpROs6BDs2ZPnSfuobp/WT26Pq42rIo4y2AP74ADY4Aw0wA1oghbA4BE8g1fwZjwZL8a78TEtLRlFzy74A+PzB8zDm/w=</latexit>

8k
nX

i=1

�i,k

<latexit sha1_base64="EuAShed+HArEXv1kndmhOdNhG7A=">AAACC3icbVDLSsNAFL3xWesr6tLN0CK4KCURX+Cm6MZlBfuAJoTJdNoOmUzCzEQooXs3/oobF4q49Qfc+TdOHwttPXDhcM693HtPmHKmtON8W0vLK6tr64WN4ubW9s6uvbffVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01YY3Yz91gOViiXiXg9T6se4L1iPEayNFNglr5dIzDmKKgx5V8hLByzIWSUaeUygjlNx/cAuO1VnArRI3Bkpwwz1wP7yugnJYio04Vipjuuk2s+x1IxwOip6maIpJhHu046hAsdU+fnklxE6MkoXmaNMCY0m6u+JHMdKDePQdMZYD9S8Nxb/8zqZ7l36ORNppqkg00W9jCOdoHEwqMskJZoPDcFEMnMrIgMsMdEmvqIJwZ1/eZE0T6ruefXs7rRcu57FUYBDKMExuHABNbiFOjSAwCM8wyu8WU/Wi/VufUxbl6zZzAH8gfX5A3NzmWg=</latexit>

8k, i �i,k 2 [0, 1]

Left stochastic map

<latexit sha1_base64="0+DPllzhd2ddJrXZS+k2PsyLhYc=">AAACCnicbVBNS8MwGE7n15xfVY9eqkOYMEY7/LoIQy8eJ7gP2EpJs3QLS5OSpMIoO3vxr3jxoIhXf4E3/41p14NuPpDkyfO8L8n7+BElUtn2t1FYWl5ZXSuulzY2t7Z3zN29tuSxQLiFOOWi60OJKWG4pYiiuBsJDEOf4o4/vkn9zgMWknB2ryYRdkM4ZCQgCCoteeZhX4z4VSXdPaeaHfVqf8CVnF3YiWeW7ZqdwVokTk7KIEfTM790P4pDzBSiUMqeY0fKTaBQBFE8LfVjiSOIxnCIe5oyGGLpJtkoU+tYKwMr4EIvpqxM/d2RwFDKSejryhCqkZz3UvE/rxer4NJNCItihRmaPRTE1FLcSnOxBkRgpOhEE4gE0X+10AgKiJROr6RDcOZHXiTtes05r53dnZYb13kcRXAAjkAFOOACNMAtaIIWQOARPINX8GY8GS/Gu/ExKy0Yec8++APj8we3Kpmp</latexit>

⇢ = (⇢1, ⇢2, . . . , ⇢n)
<latexit sha1_base64="i/iWIOyF562pjZv+GfkPaXVaBTk=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiuJCSiDdwU3TjsoK9QBLCZDpph05mwsxEKKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOc80cpo0o7zrdVWlhcWl4pr1bW1jc2t+ztnZYSmcSkiQUTshMhRRjlpKmpZqSTSoKSiJF2NLgZ19sPRCoq+L0epiRIUI/TmGKkjRXa+34sJGIMUuhfQV/2RWiIcug5x24Q2lWn5kwE58EtoAoKNUL7y+8KnCWEa8yQUp7rpDrIkdQUMzKq+JkiKcID1COeQY4SooJ8csYIHhqnC80+5nENJ+7viRwlSg2TyHQmSPfVbG1s/lfzMh1fBjnlaaYJx9OP4oxBLeA4E9ilkmDNhgYQltTsCnEfSYS1Sa5iQnBnT56H1knNPa+d3Z1W69dFHGWwBw7AEXDBBaiDW9AATYDBI3gGr+DNerJerHfrY9pasoqZXfBH1ucPfM2XOA==</latexit>

8i ⇢i 2 [0, 1]

<latexit sha1_base64="IfwIm3a1kDFeV79c5M81s0UOb84=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkoivjZC0Y3LCvYBTQyT6aQdOo8wMxFKzMJfceNCEbf+hjv/xmmbhbYeuHDmnHuZe0+UUKK0635bpYXFpeWV8mplbX1jc8ve3mkpkUqEm0hQITsRVJgSjpuaaIo7icSQRRS3o+H12G8/YKmI4Hd6lOCAwT4nMUFQGym093yVsjAjl15+n/HclwMRmkdoV92aO4EzT7yCVEGBRmh/+T2BUoa5RhQq1fXcRAcZlJogivOKnyqcQDSEfdw1lEOGVZBN9s+dQ6P0nFhIU1w7E/X3RAaZUiMWmU4G9UDNemPxP6+b6vgiyAhPUo05mn4Up9TRwhmH4fSIxEjTkSEQSWJ2ddAASoi0iaxiQvBmT54nreOad1Y7vT2p1q+KOMpgHxyAI+CBc1AHN6ABmgCBR/AMXsGb9WS9WO/Wx7S1ZBUzu+APrM8f8NuWDw==</latexit> nX

i=1

⇢i = 1 Probability vector

ρ σΦ

<latexit sha1_base64="8YeA5WbeexKGz6BHzA2RprgRPF8=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIr41QdOOygn1AE8pkOmmGziPMTIQa+iVuXCji1k9x5984bbPQ1gMXDufcy733RCmj2njet1NaWV1b3yhvVra2d3ar7t5+W8tMYdLCkknVjZAmjArSMtQw0k0VQTxipBONbqd+55EoTaV4MOOUhBwNBY0pRsZKfbcaaDrk6DpoJjRQiey7Na/uzQCXiV+QGijQ7LtfwUDijBNhMENa93wvNWGOlKGYkUklyDRJER6hIelZKhAnOsxnh0/gsVUGMJbKljBwpv6eyBHXeswj28mRSfSiNxX/83qZia/CnIo0M0Tg+aI4Y9BIOE0BDqgi2LCxJQgram+FOEEKYWOzqtgQ/MWXl0n7tO5f1M/vz2qNmyKOMjgER+AE+OASNMAdaIIWwCADz+AVvDlPzovz7nzMW0tOMXMA/sD5/AGijJMX</latexit>

� = �⇢



p = 0

p = 1

p = 0

p = 1

Im
ag

e

ϕ

<latexit sha1_base64="/2F91B0A4TamDdlFjvUNAtzlFSw="></latexit>

� =

✓
0.75 0.25
0.25 0.75

◆
<latexit sha1_base64="ayu8nsiUqs2wr6Qy4jL/44XV13I=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxCBS0z4msjFN24rGAf0A4lk2ba0EwSkoxQh36JGxeKuPVT3Pk3pu0stPXAhcM593LvPaFkVBvP+3ZyS8srq2v59cLG5tZ20d3ZbWiRKEzqWDChWiHShFFO6oYaRlpSERSHjDTD4e3Ebz4SpangD2YkSRCjPqcRxchYqesWO2og4DUsy2Pon8ijrlvyKt4UcJH4GSmBDLWu+9XpCZzEhBvMkNZt35MmSJEyFDMyLnQSTSTCQ9QnbUs5iokO0unhY3holR6MhLLFDZyqvydSFGs9ikPbGSMz0PPeRPzPaycmugpSymViCMezRVHCoBFwkgLsUUWwYSNLEFbU3grxACmEjc2qYEPw519eJI3Tin9ROb8/K1VvsjjyYB8cgDLwwSWogjtQA3WAQQKewSt4c56cF+fd+Zi15pxsZg/8gfP5A9u1kUg=</latexit>

⇢ = (p, 1� p)

Stochastic map Probability vector
<latexit sha1_base64="BzmXzGA5Yujyro8Tlz8g2x9Wr38=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6wWcLsZJIMmZ1dZnqFsOQzvHhQxKtf482/cZLsQRMLGoqqbrq7wkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkgNl0LxBgqUvJ1oTqNQ8lY4upv6rSeujYjVI44THkR0oERfMIpW8hPSEYr47pkXdMsVt+rOQJaJl5MK5Kh3y1+dXszSiCtkkhrje26CQUY1Cib5pNRJDU8oG9EB9y1VNOImyGYnT8iJVXqkH2tbCslM/T2R0ciYcRTazoji0Cx6U/E/z0+xfxNkQiUpcsXmi/qpJBiT6f+kJzRnKMeWUKaFvZWwIdWUoU2pZEPwFl9eJs3zqndVvXy4qNRu8ziKcATHcAoeXEMN7qEODWAQwzO8wpuDzovz7nzMWwtOPnMIf+B8/gB+zZAa</latexit>

p 2 [0, 1]

Example in 2 dimensions

Reversing is connected to the idea of recovering the information about the initial state.
In the case of stochastic maps, states are probability vectors.
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In the continuous case we find a new problem for  the 
reversibility: channels are contractive.
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Loss of information for stochastic maps: contractivity

Contractivity is a property of channels. Channels never expand.
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Reversing a channel

The central object to study is the forth-and-back channel
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Reversing a channel
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Reversing a channel
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Reversing a channel
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Reversing a channel
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Flips are dangerous
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Reversing a channel
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Flip should be avoided going forth-and-back
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Petz and Bayes Reverse always take this in consideration!



First 3 principles for a reverse channel



1.If the channel can be inverted just by simply inverting the 
arrow, just do it. “we already know how to take the inverse of a 
permutation or unitary channel”.



2.The state retrieval channel should be physical.                                      
“It should be a meaningful retrieval map even in the single-shot 
scenario, not just in the full statistics case”.

p = 0

p = 1
ϕ̃

FORB
IDDEN



3.All the eigenvalues of the back and forth map must be positive.                  
“Every inversion (negative eigenvalues) or rotation (complex 
eigenvalues) ruins the retrieval.”      
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Exploiting a general property of channels



Every channels always preserves at least one vector or state, they have at 
least one fixed point. 

An additional property of channels
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We want to exploit this property.
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Stochastic channel:

Prior:
Basic ingredients



Exploiting our prior knowledge, last 2 
principles for a reverse channel



4.The fixed point of the forth-and-back channel must be the prior.              
“Since every channel has a fixed point, we take advantage of this 
property and we encode all our additional knowledge in it. We select 
a typical initial state that we want to always perfect recover”.



5.The prior should be an equilibrium state for the back-and-forth 
channel.   “The back-and-forth channel should be time symmetric 
on the fixed point”.           
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�̃ � � The back-and-forth channel must have positive 
eigenvalues

      have this transition fixed.
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(�̃�)j,i⇡i = (�̃�)i,j⇡j
The prior state is the equilibrium state 
for the back-and-forth channel

Must be a (left-)stochastic matrix
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�̃

• Convex Set

• Finite set of vertices

• Algorithm for computing vertices 

by Jurkat and Ryser

• The forth-and-back channel is a positive 
semidefinite matrix
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Stochastic channel:

Prior:
Basic ingredients

Taming the ambiguity: the space of retrieval channels
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V4

Space of retrieval channels
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V5

Each reverse channel is completely characterised 
by the vector of coefficients. 

This is a probability vector.

Each reverse channel is characterised by a 
probability vector.

<latexit sha1_base64="nmBP8Io6HEAbrFmKba2ze7OnEEg=">AAACInicbVDLSgMxFM34rPU16tJNsAiuyoz43IluXFawrdAZSyZzpw1mHiR3lDLMt7jxV9y4UNSV4MeY1i7q40DgcM65Se4JMik0Os6HNTU9Mzs3X1moLi4tr6zaa+stneaKQ5OnMlVXAdMgRQJNFCjhKlPA4kBCO7g5G/rtW1BapMklDjLwY9ZLRCQ4QyN17WMPhQyh8Bp9UVJPQoRK9PrIlErvqHcLvPCkuS5k5XUxmS27ds2pOyPQv8QdkxoZo9G137ww5XkMCXLJtO64ToZ+wRQKLqGsermGjPEb1oOOoQmLQfvFaMWSbhslpFGqzEmQjtTJiYLFWg/iwCRjhn392xuK/3mdHKMjvxBJliMk/PuhKJcUUzrsi4ZCAUc5MIRxJcxfKe8zxTiaVqumBPf3yn9Ja7fuHtT3L/ZqJ6fjOipkk2yRHeKSQ3JCzkmDNAkn9+SRPJMX68F6sl6t9+/olDWe2SA/YH1+ASFXpeo=</latexit>

�̃ $ ~��̃



Finding the optimal retrieval channel



p = 0

p = 1

p = 0

p = 1
ϕ

Reversing a channel

p = 0

p = 1

~

p = 0

p = 1 <latexit sha1_base64="WFxm6zEN990ZC5Ww1UVuLFJH1cw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRje4q2Ae2Q8mkaRuayQzJHaEM/Qs3LhRx69+482/MtLPQ6oHA4Zx7ybkniKUw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZRoxhsskpFuB9RwKRRvoEDJ27HmNAwkbwXj68xvPXJtRKTucRJzP6RDJQaCUbTSQzekOAqC9HbaK1fcqjsD+Uu8nFQgR71X/uz2I5aEXCGT1JiO58bop1SjYJJPS93E8JiyMR3yjqWKhtz46SzxlBxZpU8GkbZPIZmpPzdSGhozCQM7mSU0i14m/ud1Ehxc+qlQcYJcsflHg0QSjEh2PukLzRnKiSWUaWGzEjaimjK0JZVsCd7iyX9J86TqnVfP7k4rtau8jiIcwCEcgwcXUIMbqEMDGCh4ghd4dYzz7Lw57/PRgpPv7MMvOB/fsvKQ8w==</latexit>I

p = 0

p = 1

IDEA: Contract least possible

ERROR

ERROR



Φ̃O = max
Φ̃∈

det Φ̃Φ

IDEA: minimal contraction

Optimisation criterion: The optimal retrieval map is the one that 
maximise the determinant of the forth-and-back 
channel.

D(Φ̃Φ∥𝕀) = Tr[𝕀(log 𝕀 − log Φ̃Φ)] =
= − Tr[log Φ̃Φ] = log det(Φ̃Φ)−1

Second reason for choosing this optimisation criterion
Practical reason

<latexit sha1_base64="i7H71soAmjEDLiIrPg38YVCuvNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7N33itX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5l9eL+vFK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/foY2L</latexit>

V4

<latexit sha1_base64="2rWt2R6SRvqpTitu9d0lGg/MK6Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7Pn9coVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndZvbg/r9Ru8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QPbFY2I</latexit>

V1

<latexit sha1_base64="zGo8Ya8uydAYL5NiKaYJbaEKZqU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNnJbDJkdnaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpodmr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPcmY2J</latexit>

V2

<latexit sha1_base64="BVZ84uJjMdfqqKaSTH+isQmImNc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ9s3faK1fcqjsD+Uu8nFQgR71X/uz2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Njt1Qo6s0idhrGxJQ2bqz4mMRlqPo8B2RtQM9aI3Ff/zOqkJr/yMyyQ1KNl8UZgKYmIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2RC8xZf/kuZJ1buont+dVWrXeRxFOIBDOAYPLqEGt1CHBjAYwBO8wKsjnGfnzXmftxacfGYffsH5+AbeHY2K</latexit>

V3

<latexit sha1_base64="+tq40EGf4fGWe8MFHTyhHxBwRHQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfatf65crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb2Lau3uvFK/zuMowhEcwyl4cAl1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzfhJY2M</latexit>

V5



Optimal retrieval channels



Space of  
retrieval 
channels  

Φ̃ : Φπ → π

Space of  
retrieval 
channels  

Φ̃ : σ → ρ

<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>

�
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

Stochastic channel:

Prior:
Basic ingredients

Space of  
retrieval 
channels  

Φ̃ : Φπ → π



Space of  
retrieval 
channels  

Φ̃ : Φπ → π

Run the optimisation algorithm…

Space of  
retrieval 
channels  

Φ̃ : σ → ρ

<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>

�
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

Stochastic channel:

Prior:
Basic ingredients

Space of  
retrieval 
channels  

Φ̃ : Φπ → π



Space of  
retrieval 
channels  

Φ̃ : Φπ → π
Optimal retrieval 
map

The optimal retrieval map is found!

Space of  
retrieval 
channels  

Φ̃ : σ → ρ

<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>

�
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

Stochastic channel:

Prior:
Basic ingredients

Space of  
retrieval 
channels  

Φ̃ : Φπ → π

<latexit sha1_base64="JE4epu+CIToysqvFoYgV0fXnFQA=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68WYEs0BmDD09NUmTnoXuHiUM+Q8vHhTx6r9482/sLAdNfFDweK+Kqnp+KrjStv1tFZaWV1bXiuuljc2t7Z3y7l5TJZlk2GCJSGTbpwoFj7GhuRbYTiXSyBfY8gfXY7/1iFLxJL7XwxS9iPZiHnJGtZEeXM1FgLlb7/NR97ZbrthVewKySJwZqcAM9W75yw0SlkUYayaoUh3HTrWXU6k5EzgquZnClLIB7WHH0JhGqLx8cvWIHBklIGEiTcWaTNTfEzmNlBpGvumMqO6reW8s/ud1Mh1eejmP00xjzKaLwkwQnZBxBCTgEpkWQ0Mok9zcSlifSsq0CapkQnDmX14kzZOqc149uzut1K5mcRThAA7hGBy4gBrcQB0awEDCM7zCm/VkvVjv1se0tWDNZvbhD6zPH6jvkqE=</latexit>

�̃O



Optimal retrieval 
map

<latexit sha1_base64="4V1N6e98mIqnF5kIGDdrrF/i9Ak=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzx4jGCWSAzhp6eTtKkZ6G7RglD/sOLB0W8+i/e/Bs7yRw08UHB470qqur5iRQabfvbKqysrq1vFDdLW9s7u3vl/YOWjlPFeJPFMlYdn2ouRcSbKFDyTqI4DX3J2/7oZuq3H7nSIo7ucZxwL6SDSPQFo2ikBxeFDHjmNoZi0qv3yhW7as9AlomTkwrkaPTKX24QszTkETJJte46doJeRhUKJvmk5KaaJ5SN6IB3DY1oyLWXza6ekBOjBKQfK1MRkpn6eyKjodbj0DedIcWhXvSm4n9eN8X+tZeJKEmRR2y+qJ9KgjGZRkACoThDOTaEMiXMrYQNqaIMTVAlE4Kz+PIyaZ1Vncvqxd15pVbP4yjCERzDKThwBTW4hQY0gYGCZ3iFN+vJerHerY95a8HKZw7hD6zPH5U7kpQ=</latexit>

�̃B

<latexit sha1_base64="JE4epu+CIToysqvFoYgV0fXnFQA=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68WYEs0BmDD09NUmTnoXuHiUM+Q8vHhTx6r9482/sLAdNfFDweK+Kqnp+KrjStv1tFZaWV1bXiuuljc2t7Z3y7l5TJZlk2GCJSGTbpwoFj7GhuRbYTiXSyBfY8gfXY7/1iFLxJL7XwxS9iPZiHnJGtZEeXM1FgLlb7/NR97ZbrthVewKySJwZqcAM9W75yw0SlkUYayaoUh3HTrWXU6k5EzgquZnClLIB7WHH0JhGqLx8cvWIHBklIGEiTcWaTNTfEzmNlBpGvumMqO6reW8s/ud1Mh1eejmP00xjzKaLwkwQnZBxBCTgEpkWQ0Mok9zcSlifSsq0CapkQnDmX14kzZOqc149uzut1K5mcRThAA7hGBy4gBrcQB0awEDCM7zCm/VkvVjv1se0tWDNZvbhD6zPH6jvkqE=</latexit>

�̃O

Bayes inverse and the optimal retrieval map are not the same! 
Petz map and the optimal retrieval map are not the same!



Comparison of the state retrieval with Bayes and Petz

Stochastic maps and Bayes Quantum channels and Petz

ρ σΦ

Φ−1?

Φ̃Φ



<latexit sha1_base64="2RRwxLXlY8TROIoM98j2WcOjpro=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4p3WaneV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ai5mNUw==</latexit>

(a)
<latexit sha1_base64="KWh0RLJ0bw8em/x3PU2+HIlN2FQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3Jw3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxXvslK9r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AjR6NVA==</latexit>

(b)
<latexit sha1_base64="oMYcx8nAFvX5nnYPeedyKOzsjl4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4p3WaneV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjqONVQ==</latexit>

(c)

Comparison of the optimal state retrieval  with Petz
<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>

�
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

Stochastic channel:

Prior:
Basic ingredients

ρ σΦ ρ σ

Φ−1?

ρ σΦ

Φ−1?

Φ̃Φ



General analytical results are possible



Where does Bayes come from? 

Can we add a property that shrinks the whole 
space of retrieval maps to a single point?



Space of 
forward 

channels 
Φ̂ : π → Φπ

Space of  
retrieval 
channels  

Φ̃ : σ → ρ
Optimal retrieval 
map

Space of  
retrieval 
channels  

Φ̃ : Φπ → π

<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>

�
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

Stochastic channel:

Prior:
Basic ingredients

<latexit sha1_base64="JE4epu+CIToysqvFoYgV0fXnFQA=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68WYEs0BmDD09NUmTnoXuHiUM+Q8vHhTx6r9482/sLAdNfFDweK+Kqnp+KrjStv1tFZaWV1bXiuuljc2t7Z3y7l5TJZlk2GCJSGTbpwoFj7GhuRbYTiXSyBfY8gfXY7/1iFLxJL7XwxS9iPZiHnJGtZEeXM1FgLlb7/NR97ZbrthVewKySJwZqcAM9W75yw0SlkUYayaoUh3HTrWXU6k5EzgquZnClLIB7WHH0JhGqLx8cvWIHBklIGEiTcWaTNTfEzmNlBpGvumMqO6reW8s/ud1Mh1eejmP00xjzKaLwkwQnZBxBCTgEpkWQ0Mok9zcSlifSsq0CapkQnDmX14kzZOqc149uzut1K5mcRThAA7hGBy4gBrcQB0awEDCM7zCm/VkvVjv1se0tWDNZvbhD6zPH6jvkqE=</latexit>

�̃O



Space of 
forward 

channels 
Φ̂ : π → Φπ

Space of  
retrieval 
channels  

Φ̃ : σ → ρ

†
†

†

†

†
Optimal retrieval 
map

<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>

�
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

Stochastic channel:

Prior:
Basic ingredients

Space of  
retrieval 
channels  

Φ̃ : Φπ → π

The vertices are the 
self-adjoints!

<latexit sha1_base64="JE4epu+CIToysqvFoYgV0fXnFQA=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68WYEs0BmDD09NUmTnoXuHiUM+Q8vHhTx6r9482/sLAdNfFDweK+Kqnp+KrjStv1tFZaWV1bXiuuljc2t7Z3y7l5TJZlk2GCJSGTbpwoFj7GhuRbYTiXSyBfY8gfXY7/1iFLxJL7XwxS9iPZiHnJGtZEeXM1FgLlb7/NR97ZbrthVewKySJwZqcAM9W75yw0SlkUYayaoUh3HTrWXU6k5EzgquZnClLIB7WHH0JhGqLx8cvWIHBklIGEiTcWaTNTfEzmNlBpGvumMqO6reW8s/ud1Mh1eejmP00xjzKaLwkwQnZBxBCTgEpkWQ0Mok9zcSlifSsq0CapkQnDmX14kzZOqc149uzut1K5mcRThAA7hGBy4gBrcQB0awEDCM7zCm/VkvVjv1se0tWDNZvbhD6zPH6jvkqE=</latexit>

�̃O



Space of 
forward 

channels 
Φ : ρ → σ

Space of  
retrieval 
channels  

Φ̃ : σ → ρ

†
†

†

†

†

<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>

� Optimal retrieval 
map

Reversion as a linear transformation between these two spaces

<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>

�
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

Stochastic channel:

Prior:
Basic ingredients

Space of 
forward 

channels 
Φ̂ : π → Φπ

Space of  
retrieval 
channels  

Φ̃ : Φπ → π

The vertices are the 
self-adjoints!

<latexit sha1_base64="sWlEOT6BzISuuMouEiHF3wg/O/k=">AAACEnicbVC5TgMxFPRyhnAtUNJYREjQRLuIq4ygoQwSOaRsiLzO28SK95D9Niha5Rto+BUaChCipaLjb3COAhJGsjSamWf7jZ9IodFxvq2FxaXlldXcWn59Y3Nr297Zreo4VRwqPJaxqvtMgxQRVFCghHqigIW+hJrfux75tT4oLeLoDgcJNEPWiUQgOEMjtexjr9wV1JMQoBKdLjKl4gfq9YFnnjTXtNnwPhtlhi274BSdMeg8caekQKYot+wvrx3zNIQIuWRaN1wnwWbGFAouYZj3Ug0J4z3WgYahEQtBN7PxSkN6aJQ2DWJlToR0rP6eyFio9SD0TTJk2NWz3kj8z2ukGFw2MxElKULEJw8FqaQY01E/tC0UcJQDQxhXwvyV8i5TjKNpMW9KcGdXnifVk6J7Xjy7PS2UrqZ15Mg+OSBHxCUXpERuSJlUCCeP5Jm8kjfryXqx3q2PSXTBms7skT+wPn8APiOefg==</latexit>

� $ ~��

<latexit sha1_base64="JE4epu+CIToysqvFoYgV0fXnFQA=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68WYEs0BmDD09NUmTnoXuHiUM+Q8vHhTx6r9482/sLAdNfFDweK+Kqnp+KrjStv1tFZaWV1bXiuuljc2t7Z3y7l5TJZlk2GCJSGTbpwoFj7GhuRbYTiXSyBfY8gfXY7/1iFLxJL7XwxS9iPZiHnJGtZEeXM1FgLlb7/NR97ZbrthVewKySJwZqcAM9W75yw0SlkUYayaoUh3HTrWXU6k5EzgquZnClLIB7WHH0JhGqLx8cvWIHBklIGEiTcWaTNTfEzmNlBpGvumMqO6reW8s/ud1Mh1eejmP00xjzKaLwkwQnZBxBCTgEpkWQ0Mok9zcSlifSsq0CapkQnDmX14kzZOqc149uzut1K5mcRThAA7hGBy4gBrcQB0awEDCM7zCm/VkvVjv1se0tWDNZvbhD6zPH6jvkqE=</latexit>

�̃O



Space of 
forward 

channels 
Φ : ρ → σ

Space of  
retrieval 
channels  

Φ̃ : σ → ρ
Optimal retrieval 
map

Identity 𝕀

†
†

†

†

†

<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>

�

Reversion as a linear transformation between these two spaces

<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>

�
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

Stochastic channel:

Prior:
Basic ingredients

Space of 
forward 

channels 
Φ̂ : π → Φπ

Space of  
retrieval 
channels  

Φ̃ : Φπ → π

The vertices are the 
self-adjoints!

<latexit sha1_base64="JE4epu+CIToysqvFoYgV0fXnFQA=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68WYEs0BmDD09NUmTnoXuHiUM+Q8vHhTx6r9482/sLAdNfFDweK+Kqnp+KrjStv1tFZaWV1bXiuuljc2t7Z3y7l5TJZlk2GCJSGTbpwoFj7GhuRbYTiXSyBfY8gfXY7/1iFLxJL7XwxS9iPZiHnJGtZEeXM1FgLlb7/NR97ZbrthVewKySJwZqcAM9W75yw0SlkUYayaoUh3HTrWXU6k5EzgquZnClLIB7WHH0JhGqLx8cvWIHBklIGEiTcWaTNTfEzmNlBpGvumMqO6reW8s/ud1Mh1eejmP00xjzKaLwkwQnZBxBCTgEpkWQ0Mok9zcSlifSsq0CapkQnDmX14kzZOqc149uzut1K5mcRThAA7hGBy4gBrcQB0awEDCM7zCm/VkvVjv1se0tWDNZvbhD6zPH6jvkqE=</latexit>

�̃O

<latexit sha1_base64="sWlEOT6BzISuuMouEiHF3wg/O/k=">AAACEnicbVC5TgMxFPRyhnAtUNJYREjQRLuIq4ygoQwSOaRsiLzO28SK95D9Niha5Rto+BUaChCipaLjb3COAhJGsjSamWf7jZ9IodFxvq2FxaXlldXcWn59Y3Nr297Zreo4VRwqPJaxqvtMgxQRVFCghHqigIW+hJrfux75tT4oLeLoDgcJNEPWiUQgOEMjtexjr9wV1JMQoBKdLjKl4gfq9YFnnjTXtNnwPhtlhi274BSdMeg8caekQKYot+wvrx3zNIQIuWRaN1wnwWbGFAouYZj3Ug0J4z3WgYahEQtBN7PxSkN6aJQ2DWJlToR0rP6eyFio9SD0TTJk2NWz3kj8z2ukGFw2MxElKULEJw8FqaQY01E/tC0UcJQDQxhXwvyV8i5TjKNpMW9KcGdXnifVk6J7Xjy7PS2UrqZ15Mg+OSBHxCUXpERuSJlUCCeP5Jm8kjfryXqx3q2PSXTBms7skT+wPn8APiOefg==</latexit>

� $ ~��



Space of 
forward 

channels 
Φ : ρ → σ Bayes inverse and Petz map

Space of  
retrieval 
channels  

Φ̃ : Φπ → π
Optimal retrieval 
map

Identity 𝕀

†
†

†

†

†

<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>

�

Reversion as a linear transformation between these two spaces

<latexit sha1_base64="l0UpZrGZx5slRSAspZ3B39EzYW4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2reuPhsta8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wfl+Y4p</latexit>
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Stochastic channel:

Prior:
Basic ingredients

Space of 
forward 

channels 
Φ̂ : π → Φπ

The vertices are the 
self-adjoints!
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Simplicity is a nice criterion

Can we add a property that isolates Bayes and Petz?

Numerical evidence of a sufficient 6th property (involutivity) that 
isolates Bayes and Petz. 

Maybe. 

Identity 𝕀
Space of 
forward 

channels 
Φ : ρ → σ Bayes inverse and Petz map

Space of  
retrieval 
channels  

Φ̃ : σ → ρ
Optimal retrieval 
map

Identity 𝕀

†
†

†

†

†
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�̃O

Space of  
retrieval 
channels  

Φ̃ : Φπ → π



Thank you

•We dealt with the ambiguity in defining a reverse channel by 
characterising a set of admissible retrieval channels. The set of possible reverse 

channels

•The “canonical” reverse channel (Bayes inspired) is an 
admissible retrieval channels.

Optimal retrieval map

•We gave a computable criterion for choosing the optimal 
retrieval channel.

Conclusions

•The Bayes and Petz maps maybe can be isolated by asking 
for involutivity.
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