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Quantum Theory

Nielsen and Chuang (2010)
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Quantum theory
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Prepare
a state

Quantum theory

Axiom 1. (Quantum systems and states)

Transformation

X

Measurement

Quantum systems A, B ... are associated with complex
Hilbert spaces Ha, Hy ... Also, a quantum state of an
isolated system A is a unit vector [Y)p € Ha

*When finite-dimensional, a Hilbert space is an inner product space.

An inner product is Hy X Ha — C like (@), -

If we perform |[p)g(n]a to [P)a, UP)s(ml)IY)a = (M)A |P)E

So, |¢)g(n|a transforms a vector in H, to one in Hy (Linear Operator)
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—»| Transformation ————p /7<

Measurement

Prepare
a state

Quantum theory

Axiom 2. (Born rule)

Observables are Hermitian operators. For an observable X, €
Herm(#4) with the eigenvalue decomposition

Xa= ) xlbe) (xla

xeX
the probability of getting x when we perform a measurement

of X, to the state [), is given by p, = [{p,|Y)Al?
X The expectation value is

(Xady = D xpx = ) xl(dul)al? = WIXalp)a = TrIXal )]
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Prepare

— .
a state Transformation

Quantum theory

X

Measurement

Axiom 3. (Schrodinger equation)
A time evolution in an isolated system satisfies

d
iha [W(E))a = Halp(®))a

where H, is a Hamiltonian, which provides the energy

*Then the time evolution is given by a unitary

[P (0)) = [Y(t)) = U()[y(0))
where U(t) = exp (—iHTAt)
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Quantum theory

Axiom 4. (Composite systems)

The Hilbert space of a composite guantum system A+ B is a
tensor product Hilbert space Hx Q Hpy

Tensor product Q: Hy X Hg = Hag is an operation satistying

(alp)a + bld2)a) Q [Y)g = alp)a @ [Y)g + bldr)a Q [P)5
|pa @ (alyq)p + blYo)g) = ald)a @ [Y1)s + bld)a @ [P2)5
((nla @ <lp)(PIa ® [¥)B) = (nlPIalll)s
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Pure states and mixed states

* |¢): pure state Py = P lP)? + (1 — D) (s |h2)]?
= (Do | (P11 | + (1 — D)W ) (W2]) |y
- 228,

g

& p It is reasonable to regard
p = plY Y| + (1 — p) Y X P,
as a state

V5 EX
T ‘ |Yp,) |Density Operator: p = 0 and Trp = 1
1—p
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POVM

Measurement: get a probability distribution from p.

Consider {Ef\k)} where E‘f\k) >0 and X ,ex Egk) = I,

As for p, = Tr [pAElgk)]
e Sincep=0,p, =0

« Also, since Trlp]l = 1,Y e Pk = Lgex TT [pAEf\k)] =1
{E(k)} : Positive Operator Valued Measure (POVM)
A Jrex

X |f all E/gk) are projection operators, Projection Valued Measure
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CPTP linear map par |

Consider the conditions of a map N,_g for the state conversion

* o = Na_p(pa) must be
» gg = 0 =Positive
* Tr[og] = 1 = Trace-Preserving

* Moreover, for a state on the systems A and any system R, pag,

ogRr = Naop & idr(par)
« ogr = 0 =Completely Positive
« Of course, Trace-Preserving
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CP-instrument

Ozawa (1984)

(k)
- PR
Pr —1€aLR
-------- » keX
{8&'2]3} . a family of CP trace non-increasing linear maps s.t.
K
Likex 5,?%13 s TP
(0 _ Eacp(pa) (1)
PB Pk T Tr[gA—)B(pA)]
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Specific CP-instrument

 Von Neumann’s projective measurement
Ui brla - 1P brlatrex

For any state p,, the (unnormalized) post-measurement state is

(DPrlpal P D) Pyl

Pk
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Realization ozawa (1982)

Axiom 3
(unitary)

e Indirect measurement

PA
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\Vath vs Physics

e All CP-instruments are realizable when we admit Axioms 1-4

Q. Are they also consistent with physical laws?

Axioms 1-4 do not seem to contain physical laws such as

« Conservation law (the first law of thermodynamics)
 The second law of thermodynamics
e The third law of thermodynamics...
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Quantum thermodynamics

* Let Hy, be a Hamiltonian of a system A
* E(pa, Hy) = Tr[paH,] is energy (expectation)

* S(pa) = =Tr[paln pa] is von Neumann entropy
» Let Hg be a Hamiltonian of a bath B
e Let B := — be the inverse temperature

kT

« The bath is initially in the Gibbs state yg :=
» Free energy: F(pa, Ha, ) = E(pa, Hy) — B7S(pa)

Esposito and Van den Broek (2011)
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Work in guantum thermodynamics

« Work of the transition py @ yg — oag is as follows:
Waaa = AEag = E(0aB, Hap) — E(pa ® v, Hag)

<*HAB —_ HA +HB and HAB —_ HA + HB>

Qin
VB

¥ Why this works? Wadd

W —Wadq = AEpp = AE, + AEg
Let us define Q;, := —AEg (heat absorbed in the system)

Then we have the 1st law of thermodynamics
AEp = Wygq + CQin
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The second law of thermodynamics

[The (nonequilibrium) 29 law]
Wadd = AFy Esposito and Van den Broek (2011)

AF'A = F(O-A)HA)B) — F(pA)HA)ﬁ)

Notice that
Wadd = AEA — Qin = AFs + B71ASA — Qin

S0, Wada > AF), & 2= ASA_,BQin = 0 0;
. . Wadd WB
When adiabatic (Q;, = 0), ASy, =0
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Q. Are all CP instruments consistent with

the 2nd law?
|P)
PA > A > Uk > ‘l:b)A
U Prclatkex H
_________________ I
| . . spontaneous |
Op O |0g © ®ec e o _°
Oqn O ® .. O. e O O
o O * o ¢(uuuumm o OeOCge

~ feedback control

Maxwell (1871)
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Q. Are all indirect measurements
consistent with the Z2nd law?

on  —Lls ’ WA: — AEA
U
PM  —T — > > PM ] By resetting M and K,
E k) K] . we can fairly compare
00| [ Mo e P s 10)(0|k with the previous slide
‘yB > »
Wheas: = AEMkB

Sagawa and Ueda (2008, 2009), Funo et al. (2013), Abdelkhalek et al. (2016) said
Even if W, < AF, (violation of the 2nd law on A), Wy + Wi eas = AF,!
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Q. Are all indirect measurements
consistent with the Z2nd law?

] Indirect measurement:
u I
IM > —> Il _M
E ] £ dm PaA 02y dM 02y |O><O|K
|0){0]g ~---m T sV - » [0){O0]
K o A ® I ® Y pel kXK
YB —> -
Wa = prein =0 17| < dygy Wy + Wigeas < AF
Wmeas — ﬁ_l[H({pk}) — In dM] ‘ M: "VA meas A

2025/7/2
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Assumptions in previous Works

> Sagawa and Ueda imposed several assumptions
(D Efficient instrument
@ Projective measurement (Luders instrument)
(3 Post-measurement state is in a product state
@ Initial state of the target system is in the thermal state
(® Feedback control is the pure unitary on the target system
® Memory is in a thermal state initially and before the erasure

Problem 1: Ultimately, which assumption makes a
measurement consistent with the second law?
Problem 2: Can all assumptions coexist?
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What is t
to be cor

ne condition for the measurement

— OAMK

0) (0] -+ o

2025/7/2

—

sistent with the 219 law?

Minagawa et al. (2025)

ASAMK = —I(A: M‘K)O-

. ==

Wa + Wheas = AFp

¥I1(A:MIK), = S(A|K),, + S(M|K), — S(AM|K), > 0

Cana Seminar

See e.g., Wilde (2017)
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Comparison with previous works

Sagawa and Ueda (2008, 2009),
PA — g Funo et al. (2013),

Abdelkhalek et al. (2016)

u Projective measurements do not
decrease the entropy
PM Nielsen and Chuang (2010)
———————————————— > ---- >
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Conclusion

e Targetting all CP-instruments, we consider the consistency
between quantum measurement processes and the 2nd law

« We found an information-theoretic inequality for the CP-
instrument to be consistent with the 2nd law

ASAMK = —I(A: MlK)O-

« Once we assume the previous works’ assumptions, we can
immediately see that they recover the 2nd [aw
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Appendix: General work formulas

/B , , Minagawa et al. (2025)
F . ..
4 L i , Work definition
U e A BlA
{_\)/7 > > R I (I)VI WA _AEO—>2 — AE2—>3
M B MKB,
10it0] ¢ > e v i onok| Wmeas = AEQ™, + AE,_,
ye? > — Groenewold—Ozawa information gain
, , , , st (Groenewold 1971, Ozawa 1986)
fo fs t2 fs La Igo = S(4),, S(AlK)Pz =0

Wa = —AFgL,, + B [Igo — (I(A:K),, + 51rr)]
Wineas = B lgo + ASGYS + 1(A:M|K),, + S
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