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• In fact, the results are not incompatible

‣ Cotler et al.’s has been misinterpreted

‣ Stoica’s is valid only in its weaker version 

• Solving the tension has deep implications for the notion of emergence in QM     (in physics?)
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I.  Cotler et al.’s theorem 

1.  K-locality 

2.  K-duality 

3.  The theorem 

II. Stoica’s theorem 
1.  Core idea 

2.  K-locality is unitary-invariant 

3.  H has more symmetries than the TPS 

4.  The time-evolution symmetry 

III. How structures acquire their identity 
1.  Which notion of uniqueness to keep? 

2.  Insights from invariant theory 

3.  Can (H, |ψ>) uniquely determine a TPS?
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•  K-locality is motivated by the fact that usual Hamiltonians are simple (K<<n). 

•  In the Ising model, K-locality coincides with spacetime locality. 

•  Not true in general

‣ Ising nearest-neighbour + a term σz ⊗ σz+1000

‣  Newtonian or Coulomb interaction

‣ conversely, a QFT is always spacetime local, no matter K 

•  NB: most Hamiltonian are approx. 2-local in some TPS [Loizeau et al., 2023]

Remark 1. K-locality vs. spacetime locality

N. Loizeau, F. Morone, and D. Sels. “Unveiling order from chaos by approximate 2-localization of random matrices”, Proceedings of the National 
Academy of Sciences (2023)
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• For Cotler et al., uniqueness of structures is understood up to a global unitary 
 
 

• When H=H’, this definition reduces to an equivalence relation between TPSs (see III.2.) 
 
 

• Whether H can uniquely determine a TPS can be phrased in terms of dual TPSs 
 
 
 

• Example of dual TPSs: Jordan-Wigner transform on the 1D Ising model

I.2. K-duality

induces
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• Numerical simulations to get convinced of the validity of the assumption.

I.3. The theorem
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• And observe that 

  UHU† decomposed in U · T for the bases (Oiα)i,α has the same decomposition as 

        H decomposed in T for the bases (U OiαU†)i,α
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• For a structure S, denote Stab(S) the group of symmetries of S, i.e. Stab(S) = {U | U · S = S}. Then: 

 
 
 

• Short proof
‣ dimR Stab(H) ≥ dim(H) = d1 … dn

‣ dimR Stab(T) ≤ dimR U(1) + ∑i  [ dimR U(di) - dimR U(1) ] ≤ ∑i  di2 - n + 1 
 
 
 
 
 

• General proof (for any n): look at the commutative subgroups

global phase local phase

strictly smaller dimension for n large enough

most symmetries of H are not symmetries of T
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• We already know a symmetry that twists the TPS: the time evolution (Heisenberg picture) 
 
 
 

• In fact, the time evolution generates a continuous infinity of distincts TPSs 
 
 
 

• Proof (sketch)

1.  think in Heisenberg picture

2.  let |ψ> a state that gets entangled under time evolution and ( ρi(t) )1≤i≤n its partial traces in e-iHt · T0

3.  at least one von Neumann entropy S[ ρi(t) ] is non-constant (+ obviously continuous)

4.  t → S[ ρi(t) ] takes an uncountable number of values, so (e-iHt)t · T0 sweeps an continuous orbit of TPSs
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‣ for Cotler et al., a structure’s identity is relational (only unitary-invariants relations are meaningful)

‣ for Stoica, it is absolute (ex : T and e-iHt · T are distincts, regardless of whether they can be 
distinguished by surrounding structures) 

• Cotler et al.’s theorem has been widely misinterpreted as selecting a unique TPS in the absolute sense.

• Example of misuse: [Cao & Carroll, 2018]’s emergent space. The mutual informations in |ψ> depend on the 
representative (H, T) ! 

• Should a physicist be relationalist or absolutist?

III.1. Which notion of uniqueness to keep?

C. Cao and S. M. Carroll, “Bulk entanglement gravity without a boundary: Towards finding Einstein’s equation in Hilbert space”, Physical Review D (2018)

 the relevant notion of uniqueness in physics is relational 

NB: also in maths!
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• Examples of kinds

‣ Kvector = H 

‣ KHerm = Herm(H)

‣ Kg-rep = { representations of the Lie algebra g }

‣ KTPS = { TPSs }

• Examples of determined kinds

‣ Kvector(1) = { unit vectors } 

‣ KHerm(σ) = { Hermitian operators with spectrum σ }

‣ Kh-rep = { representations of the Heisenberg algebra h }

‣ KN-vector(G) = {  ( |ψi> )1≤i≤N | < ψj | ψi > = Gij }

‣ KTPS(n ; d1 … dn) = { TPSs with n factors of dimensions (di)i }

Stone - von Neumann’s theorem!
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• In fact, the unitary group acts transitively and freely on this kind.
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• Examples

‣ specification of a complete set of invariants (recall KN-vector(G) and KHSF(σ, Λ))

‣ K-locality property on KHerm(σ) x KTPS(n ; d1 … dn)

‣ recall the proof of II.4. (uncountable infinity of TPSs)

finding such a P uniquely characterizes an emergent structure  
up to global unitary equivalence

selects a single orbit in K0 x Ke

Cotler et al.’s theorem!
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• Consequences

‣ allows to picture all the orbits in K0 x Ke  

‣ reduces the problem to the ‘point of view’ of S0

‣ S0  is an ‘imperfect reference frame’: it sees surrounding structures up to Stab(S0)

‣ justifies Cotler et al.’s method (‘equivalence of TPSs with respect to a fixed H’)

‣ Particular case

applicable in the case of HSF since Stab(H, |ψ>) = {1} justifies the absolutist attitude
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structure’) is not correct, because it treats H absolutely but |ψ> relationally 

• The big question: is it possible to determine the kind KHSF(σ, Λ) x KTPS(n ; d1 … dn) ?

P selects a unique triplet (H, |ψ>, T) up to global unitary equivalence

Yes! "  
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• Proof (sketch)

1.  Apply the corollary: let’s fix (H, |ψ>) and find a P such that P(H, |ψ>, T) holds for exactly one T

2.  Because L(H) has an inner product, (H, |ψ>) generates a vast structure that can grasp T,   
namely the set { F(H)|ψ> | F continuous }

3.  Observe that { F(H)|ψ> | F continuous } = H

4.  Define P as the property imposing values for the entanglement entropies of all |Φ> ∈ H with 

respect to T

5.  If P(H, |ψ>, T) and P(H, |ψ>, T ’ ) hold, with U·T=T ’, then U maps product states of T to product 

states of T

6.  Conclude by the following lemma:
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1.  dissolve the tension between Cotler et al.’s and Stoica’s theorems 

2.  argue for the appropriate notion of uniqueness in physics

3.  formalize this notion in the terms of invariant theory

4.  understand how a structure S sees H 

5.  show that (H, |ψ>) is enough structure to select a preferred TPS

• We started with considerations from HSF and quantum mereology…

• … ended up with a general formalism applicable to any geometrical space (E,G) [Klein, 1893]

• All 4 most fundamental theories in physics are geometrical

• Selecting an emergent structure via a physical principle has proved successful. 
Examples: Einstein’s tensor [Lovelock 1971], quantum fields, Schrödinger equation, bosonic and fermonic statistics 
[Mekonnen et al., 2025]…)

F. Klein, “Vergleichende Betrachtungen über neuere geometrische Forschungen”, Mathematische Annalen (1893)
D. Lovelock, “The Einstein tensor and its generalizations”, Journal of Mathematical Physics (1971)
M. Mekonnen, T. D. Galley, and M. P. Müller, “Invariance under quantum permutations rules out parastatistics“, arXiv preprint (2025)



Thank you for your attention! 

And many thanks to Daniel Ranard, Cristi Stoica and 
Béranger Séguin for precious discussions.


