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Section 1
Quantum Computing
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I11. Entanglement

Product state:
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e Measurement produces a classical outcome, sampled according to Born's rule.



IV. Quantum Measurement

A general n-qubit state is
271

W) =" eal), D es? =1

=0

Born’s rule:

| P(a) = () = |ea? |

e A quantum computer applies unitary matrices to vectors in an exponentially large Hilbert space.
e These matrices are implemented through local operations: one- and two-qubit gates.
e Measurement produces a classical outcome, sampled according to Born's rule.

Exponential state-space dimension does not imply exponential information readout.

6



Section 2
Problem Statement



The computational challenge

e High Reynolds numbers = increasingly
fine structures.

e Turbulence couples a wide range of
scales, from large eddies down to the
smallest structures.

e Direct numerical simulation must resolve
all these scales.

Higher Reynolds numbers require better

representations. Figure 1: Homogeneous isotropic turbulence DNS, 8192 grid,
Rey ~ 1200, JHTDB / Georgia Tech.

Computed on 262 144 CPU cores on Blue Waters



Nonlinear dynamics on Quantum Computer

Fluid dynamics

Space-discretization Time-discretization

Linearization lCarleman linearization, I.Carlgma.n
! KvN, Liouville HAM linearization inearization
— — — — e
. —_ — HAM linearization, .
i+ u-Vi=—-Vp+ pAu _ ; mappings e

Non linear mappings |

i Schrédinger-type
Nonlinear cinge
Space- —a LCHS
discretization atl'?)‘ [Eflmg)t Schré.,
§[ ; with HT = Laplace based
S;Lai:;:t:;:tti::e- Time-discretization Hamlltoman simulation,
Evoluuon operator approximations,
H \4 Time-discretizati
Quantum evolution ~ Vrinedsereiaton \

Linear iterative schemes

QLSA

Linear system of
Ax=b

A 4

Block-
encoding

() = e |w(0))

in r ni r Figure 2: Different approacl es to solving nonlinear PDEs on a quantum computer. Adapted
rom J. Zylbem an’s PhD thesis (2025)




Fluids

2D Navier-Stokes (no forcing)

Ol + @ - Vil = —Vp + vV?2i,

10



Fluids
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Ol +1i-Vi = —Vp+ V2, V-4=0

Symmetry reduction: incompressibility eliminates the pressure
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Fluids

2D Navier-Stokes (no forcing)

Ol +1i-Vi = —Vp+ V2, V-4=0

Symmetry reduction: incompressibility eliminates the pressure
V-u=0 - u=e, x Vo, w= V3¢
Vorticity formulation
Ow = —{¢,w} + vV, {p,w} = 0 Oyw — Dy Oy

Ideal fluid

conserves

Viscous fluid (v > 0) v—0

dissipates

. . 1 1
E:—u/wzdx, Q:—V/|Vw\2dx E:E/\u|2dx, Qza/dex

e Rapid generation of fine-scale structures
e Conservation of energy and enstrophy = existence and smoothness guaranteed
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Section 3

Liouville Embedding

Spectral
Nonlinear truncation \ | Finite-dimensional Liouville  \ Linear Liouville discretization\ [ ~Finite-dimensional

fluid PDE /4 nonlinear ODE /4 transport PDE /| unitary linear ODE




Spectral truncation

Nonlinear
fluid PDE

Spectral
truncation \ |

Finite-dimensional
nonlinear ODE

Expand the vorticity field on T?: wM(x,t) =4/2 2k [ax(t) cos(k - x) + bi(t) sin(k - x)]



Spectral truncation

Spectral
Nonlinear truncation \ |

fluid PDE

Expand the vorticity field on T?:
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bo,—-n)

bv,N)

Finite-dimensional
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Spectrally truncated
Euler equations



Spectral truncation

Spectral
Nonlinear truncation \ |

fluid PDE

Expand the vorticity field on T?:

@(0,—N)

¢ _ a(N.,N)
bo,—-n)

bv,N)

The spectral truncation preserve structure !

e Similar decomposition for other ideal fluids:

Finite-dimensional
nonlinear ODE

D
<i)a = fa(¢) = Z Caﬁv ¢B¢V

B,y=1

E= ) Capybatpd, =0

o, B,y

v'f:Z(Caaﬂ+Ca5a)¢B:0

a,B

Phase-space volume conservation

WM (x, 1) = @ S s [an(t) cos(k - x) + bic(t) sin(k - x)]

Spectrally truncated
Euler equations



Spectral truncation

Spectral
Nonlinear truncation \ |

fluid PDE

Expand the vorticity field on T?:

a(0,~N)

¢ _ a(N.,N)
bo,—-n)

bv,N)

The spectral truncation preserve structure !

e Similar decomposition for other ideal fluids:

Finite-dimensional
nonlinear ODE

D
<i)a = fa(¢) = Z Caﬁv ¢B¢V

B,y=1

E= ) Capy$atsdy =0

o, B,y

v'f:Z(Caaﬂ+Caﬂa)¢B:0

a,B

Phase-space volume conservation

WM (x, 1) = @ S s [an(t) cos(k - x) + bic(t) sin(k - x)]

Spectrally truncated
Euler equations

Stronger condition: (Inherited from field
incompressibility)

Ofa
0P

-y (e
vy

(Fa:V)Fa=0
foliie ) 6, =0

Ya.




Liouville embedding

Finite-dimensional
nonlinear ODE

Liouville

\

From a point ¢ ¢ RP

D
Q})a = Z Cozﬁ'y (;5[3(/)7

B,y=1

Non-Linear ODE

Quartic oscillator in phase space

4

Linear Liouville
transport PDE
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Liouville embedding

Finite-dimensional
nonlinear ODE

Liouville  \_

4

Linear Liouville
transport PDE

From a point ¢ ¢ RP

d.)oz:

D
Z Capy Ppdy

B,y=1

Non-Linear ODE

Quartic oscillator in phase space

V-f=0

Liouville theorem

To a distribution p € C(R?)

pu(6) = = 3 Fal®) Dape(9)

Linear PDE

Initial and transported in phase space

e Initial distribution g
ed distribution p,
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Discretization of the phase-space

N = 2" grid points per axis, D axes = nD

qubits

(&) — |p) = o(9)

o1, el

Gaussian density with vertical arrows

61,

,éD)

Linear Liouville
transport PDE

discretization\

4

Finite-dimensional
unitary linear ODE
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Discretization of the phase-space

Linear Liouville
transport PDE

discretization\

N = 2" grid points per axis, D axes = nD R
qubits 0¢, — O

p(@) — |p) = M|¢>17~~~7¢D> S¥161, .. bas.. D) =

o1, el

Gaussian density with vertical arrows

Y =
Az

4

Finite-dimensional
unitary linear ODE

1 & .
Zaks,f*

k=—p

|¢1""7¢&+kAxC!7""¢D>

* finite differences with periodic boundary conditions, error O(Axz2P)
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Discretization of the phase-space

Linear Liouville discretization\ [ Finite-dimensional
transport PDE /| unitary linear ODE
N = 2" grid points per axis, D axes = nD 1 P
. A ok
qubits Opy, — Oa = A Z ax Sy
L —
p(@) — |p) = H H |¢1,- ., ¢D) SEl¢1,- - ¢, ¢p) = |15, ba + kAza, ..., éD)
* finite differences with periodic boundary conditions, error O(Axz2P)
Define
Gaussian density with vertical arrows
—iH|p) = Z Capy G0y Oalp)
o,B,y=1
Oilp) = —iH|p)

Schrédinger-type equation

For V4 - f = 0 and periodic boundary conditions,
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Section 4

Quantum Numerical Scheme

State preparation

[¥00)

e

Hamiltonian simulation
U(T) ~ e *HT

~N~

Observable measurement
(O)r




Quantum State Preparation

State preparation

We use a structured initial density:

_|¢—¢o||2]_

202

(o) x exp |
The corresponding quantum state is

[Upo) = D> V0o(9) |6)-
]

For a product Gaussian,

D
W}Po) = ® |w07ﬂu>'
a=1

Efficient state preparation using the Walsh Series Loader
J. Zylberman and F. Debbasch, Efficient quantum state preparation with Walsh series, Phys. Rev. A 109, 042401 (2024).
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Trotterization

Decompose the generator coordinate-wise:

D
H=> Ha
a=1

Hamiltonian simulation
U(T) =~ e tHT

st order
proc}uct Formula

D
eszt’H ~ H eszt’Ha

a=1

17



Trotterization

Decompose the generator coordinate-wise:

D
H=> Ha
a=1

For one coordinate,

et He — QFT] e

(}st ogder
productformula | (—iAtH o, TT =it Ho

—iAt <25,7 Can$B$’y aa)

Hamiltonian simulation
U(T) =~ e HT

D

a=1

e QFT diagonalize derivative operator

QFT, o [QFT,,¢.] =0

- 1 o T 11 1
q:"T - T- — Tl.-_&-ﬂ-lé—-—#?—-—iléﬁv -_Ln..i_-_‘L_LLl‘L_-_{Ln“ ol D G Gl

Only QFTs

and O(Dn?®) CNOT and R. gates

17



What do we measure?

Observable measurement
(O)r

Main observable: mean position in phase space

For each coordinate ¢,:

[ {(pa)r = ((T)|pal(T)) |

For an n-qubit register encoding ¢,,:

bo = 120D g X @ [®(P—a),

n—1

)?:ZT’“

k=0

-7,
2
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What do we measure?

Observable measurement
(O)r

Main observable: mean position in phase space

For each coordinate ¢,:

[ {(pa)r = ((T)|pal(T)) |

For an n-qubit register encoding ¢,,:

n—1
o =12 Vg X, @12~ | X =3 "2F
k=0

-7,
2

More generally, any field observable can be expanded as a diagonal operator:

= F@ENXNX], [B= 352 and 0= 3 K252

X @ «@

O)
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Section 5
Error Analysis



Approximation and error sources

Cx=1 (Position)
For a Co-Lipschitz observable, |O(u) — O(v)| < Collu — v||
o-Lip 0() = O()| < Collu—vle

O(u) =O(@)| < Collu—il +|0(@)—0@)| +|0@@)—0(@")]

Spectral Truncation Error Liouville Error Q.N.S. Error
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Approximation and error sources

. . Cx=1 (Position)
For a Co-Lipschitz observable,

—OW)| < Collu—vl|;:
() - 0@ < Colu—vlp "

O(u) =O(@)| < Collu—il +|0(@)—0@)| +|0@@)—0(@")]

Spectral Truncation Error Liouville Error Q.N.S. Error

The term follow the error analysis of Zylberman et al. (2025):

g.c. approximation

101 — (Or)| < [0 —+LF 0T, \+|<0T>7T<f2 ) f> I+ 10—0T +210]
| T —_——— s

Quadrature error q.c. approximation
Statistical measurement error

+2[|0]2

WFa), = 7)o+ 1[7) = 1)z o + 1| o) = 1£0) lzuw

Product formula error Space discretization Q.S.P. error

Zylberman et al., 2025



Spectral Truncation error

shell density

Energy per shell

5
4

10-12

10-17

10-22

10-27

Figure 3: Energy per Fourier shell E(k), t = 0 to 0.03

Convergence garanted !

—

ug € HS,

l[uofle < o0,

sup
t€[0,T)

[

~u(

[[wolloe < 00,

< @
9 = Ns—l

Theorem 1.3 and Eq. (4.16)

Experiment

e Random initial condition,

only (k| < 2)

low modes

e Truncated dynamics, |k| < 150:

0O(10°) modes

Fourier—Galerkin approximation of the 2D Euler equations,

21




Liouville embedding error

Experiment

e Three modes, packet at (0.4,0.4,0.4)
e Trotter: At =10"% N =150, p =2

0.0301

0.075 4 Trajectory can diverge exponentially

[6(t) — (S| < ™" [|$(0) — (6(0))]]

0.020 4

[(FONE) = Fananysc ()]

To reach accuracy € at time T,

0.015 1

€ _KT KT Co
o0 S € :nz@—i—logQ?

0.010

0.0 0.2 0.4 0.6 0.8 10
time (s)

Figure 4: Error versus the exact three-mode ODE, for several o

bl



Trotterization Error

Prefactor scaling

<a s
€ETrotter > Oés f

10 = 1Bllz.n

o — O(HawmeL?)

' ’ 1 follz>

‘cr¢ = better localization = larger gradients = larger Trotter prefactor‘
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Section 6
Numerical Experiment



A controlled benchmark: the three-wave subsystem

We restrict the spectrally truncated Euler dynamics to Lorenz's maximal simplification:
A=bao,  F=bon,  G=buy =-bu,-)

The dynamics closes:

A =aFG, F =bAG, G = cAF.

Trajectory in (A, F, G)

—— Lorenz triad trajectory

e It is a closed subsystem of the spectrally
truncated Euler dynamics.

e It retains the elementary three-wave
interactions of the full system.

e It has conserved energy and enstrophy,
together with an analytic elliptic-function
solution.

Figure 5: The three-wave subsystem is a low-dimensional testbed for
the Liouville construction.
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The mean of the Liouville density tracks the trajectory

0.74 4
0.8
0.4 0.6 0.724
] y 044 g 0.70
o o 021 v 0.68
£ g s —— b,y RK4
5 < = .
e e 20664 ~+ {b_{(1,1)}) Liouville
K5 8 021 §
G —0.21 @ g 0.641
& € —0.4 8
0.62 4
—0.4 ~0.6
—— b0 RK4 —— bio,1) RK4
~o- (b_{(1,0)}) Liouville —0.84 ~o- (b_{(0,1)}) Liouville 0.60 1
0.00 0.25 0.50 0.75 1.00 1.25 150 1.75 2.00 0.00 0.25 0.50 0.75 1.00 1.25 150 1.75 2.00 0.00 0.25 050 0.75 1.00 1.25 150 1.75 2.00
time (s) time (s) time (s)

Figure 6: Reconstructed trajectory from the Liouville density (blue) versus the reference trajectory (orange). The initial Gaussian packet
is centered at (A, F, G) = (—0.1,0.8,0.6) with width o = 0.03. The Trotter evolution uses L = 2000 steps over T' = 2.
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Tracking the trajectory in phase-space

nical el igh prcison rke based evolved fild

Time Evolution

i

(High-order Galerkin methods as reference)

1 Quantum scheme

PR - e e e E e EEEEmEEmmmm e ——————————————= - -
1 Liouville ' Quantum 1
! embedding ' state prep 1
1 * ot ases Evved ld 1
1 ~ Q " 1
1 08 12 1
! 1
! . Liouville evolution Reconstruction ~ ** 4 o 1
1 1 ---._-_.---> | mmemma- »*N b = 1
1 T~ Hamiltonian-based T Measurement o 1
1 U~ E—V,Hf, - . ot 1
- |
1 Initial localized distribution Evolved distribution @ o N
1

1 lpo) lee) Reconstructed field :
! (pa) 1
! 1
' 1

L g gy g g OGO U -

Figure 7: Liouville-based simulation on a three-mode subsystem of the spectrally truncated Euler dynamics. Top: initial field and
100-mode reference evolution. Bottom: Gaussian packet centered at (A, F,G) = (—0.1,0.8,0.8), o = 0.04, its 1000-step

27



Conclusion & Perspectives

We did not make the fluid dynamics linear.
We changed the object we evolve.

What we did
e Quantum scheme for ideal
fluids

e Liouville — Hamiltonian
simulation

e Numerical validation

Error analysis

e Error decomposition

e Spectral & phase-space
discretization

e Product-formula error

What's next?
Understand Liouville errors &
closure

More efficient Hamiltonian
simulation

Investigate quantum advantage

28



Thank you

Questions?

| Quantum simulation of ideal fluids

Martin Pujol
CERFACS



Complexity of the Q.N.S : where the real cost sits

The total cost is naturally decomposed as

’ Ctotal = Cprep + C'evol + C'obs

per execution of the circuit.
For first-order Trotterization, the manuscript gives

e

and DT
C(evol =0 (62 (Cdiag + QCQFT)) .

With (
Cdiag = O(Dnj), CQFT = O(TLQ)7

this becomes

D*T?p3
2

Cevol = O(

€

up to implementation-dependent constants.

20



Backup: Time dependence of the spectral bound

For ug € H*(T?), s > 2, the 2D Euler solution satisfies

sup |u(t)|lzs < C(T, [|luol|r+)
te[0,T]

The time dependence hidden in C' can be severe:

’ IVw(t)||oo can grow double exponentially in time.

Fourier—Galerkin approximation of the 2D Euler equations, Theorem 1.3 and Eq. (4.16).
S. A. Denisov, Double exponential growth of the vorticity gradient for the two-dimensional Euler equation, Proc. Amer. Math. Soc.

143(3), 1199-1210 (2015).
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Backup : From Clebsch variables to the vorticity formulation

Clebsch formulation

u=Ve¢+aVpg

(p, 9), (pa, B)

canonical conjugate pairs

dp+ V- (pu) =0,
0S=0 <=

compressible Euler

1
du+ (u-Viu= —;Vp.

Incompressible reduction

V-u=0 = Symetry reduction

canonical ——  degenerate Poisson structure

u=Vy, w=Ay

’(%w—i-[w,w] :0‘

kPl



Spectral Truncation

Spectral
Nonlinear truncation \ |  Finite-dimensional

fluid PDE /4 nonlinear ODE

Expand the vorticity field on T?:

wM(x,t) = \/g Z [ax(t) cos(k - x) + bi(t)sin(k - x)]

k| <M



Spectral Truncation

Spectral
Nonlinear truncation \ |  Finite-dimensional

fluid PDE /4 nonlinear ODE

Expand the vorticity field on T?:

wM(x,t) = \/g Z [ax(t) cos(k - x) + bi(t)sin(k - x)]

k| <M

Mode Dynamics

. 2 ~kAp|p-(p-k) P (p+k)
_ (2
ap = (7) Ek Klp] { K (axbp—x + brax—p — biap_i) — b1k axbpix |,

; 2\/*~kAp|p-(P-kK) p-(p+k
bp = (%) ; _— [ﬁ (bkbp_k + axakx-—p — akap_k) — W bkbp+k .



Backup — three-wave equations

The explicit system used in the benchmark is

A=aFG, F =bAG, G = cAF.

For the geometry used in the manuscript, with

2w 2w
k=— (= —
L’ L,

the coupling coefficients are
2k k
“ \/Z Vit
b — ﬁ _t
VR 2

L et o
- 2 k212

E =A%+ F?4+2G2,
O —=Lk2A2 10252 L 9(12 1 2\(1?
4

The conserved quantities are



Space-Discretization error

A = 1Pl

10t 2x10! 3x 10!
Number of points per axis

Figure 8:

Spectral derivatives converge
superpolynomially

fecr = < NP

0.f(w;) — (1)

Experiment

e Gaussian packet: (Ao, Fo,Go) = (0.4,0.4,0.4),
o=0.2

e Exact Lorenz inverse-flow reference
e N = 200 grid points per phase-space direction

e Error: [[pret — prum,plly

25



Backup Properties of the truncated system

Spectral
Nonlinear truncation \ |  Finite-dimensional
fluid PDE /| nonlinear ODE

Mode Dynamics

1/2 —~K) p-(pt+k)
»=(?) 2k |p[ p K] (bt t butiop = bitpi) = T AT b

2\/? k P (pt+k)
(é) Ek: Ii |:7k|) (bkbpfk + akak—p — Ilk(lp,k) - Ip T k‘ bkbp+k .



Backup Properties of the truncated system

Spectral
Nonlinear truncation \ |  Finite-dimensional

fluid PDE /| nonlinear ODE

Mode Dynamics

1/2 k) p-(pt+k)
) ; p |:‘p7k| (akbp—k + bkak—p - bkap—k) - W ﬂkbp+k 5

»=
o=

Stack the coefficients in one vector, with D = O(N?):

<l

<

2—kApip-(P—k) P (pt+k)
— | ————— (bbp_k + axax_p — Axap_x) — ————2 byh .
) %kup‘{ [p g (booie axtep — axtpoi) = SRR b

a0,-N)
dratic fl D
o a(N,N) quadratic flow T
¢ | bo.—m > (z)a = Caﬁ'y Qbﬁ(b’y
: By=1

bw, )



Backup Properties of the truncated system

Spectral
Nonlinear truncation \ |  Finite-dimensional

fluid PDE /| nonlinear ODE

Mode Dynamics
(p+k)

»=
o=

Stack the coefficients in one vector, with D = O(N?):

<l

<

[p +Xk|

[[[p|| [P~k

a(0,~N)
E dratic fl D
a(N, quadratic flow L
o= | T [da= D Capydpdy
: By=1
b(x.N)
e Antisymmetry of C' = E e Hard incompressibility constraint: 8 =0 = Z

12 k) p
) ; p |:‘p7k| (akbp—k + bkak—p - bkap—k) - W ﬂkbp+k} 5

1/2 (p— :
) Z kAp [M (bkbp—k + akak—p — (lk(lp—k) - M bkbp+k} .
k

A

e
0dq

=0



Backup — Gaussian localization and instability

For an observable O with Lipschitz constant Cp,

0(6(t)) — E,, [0]] S Coooe™™".

Hence .
o0 s CioefKT
With
Ap=0(27"),
we obtain T o
> 27 40, 29
nZ o2 T logy —

Thus the number of grid points required for fixed-accuracy trajectory tracking grows exponentially
with time, even though the number of qubits per coordinate grows only linearly.
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Backup — evolution cost

The proposed first-order product formula has

steps in the baseline analysis.
The evolution cost is
D3T?
C'evol = O|: 2 (Cdiag + 20QFT):| :

Using
Cdiag = O(Dn3), CQFT = 0(712)7
gives
D4T2 3
C(evol =0 (277') .
€

This scaling should be presented as the resource estimate of the current construction, not as a claim that the

current Trotter implementation is optimal.

8
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